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Introduction Organisation

Organisation

What | will talk about this year...

Three courses in PHE - Master 2 - Ecole Polytechnique
® Advanced Particle Physics (4x2h=8h)
® Quantum Chromodynamics (8h)
® Electroweak theory (12h)

Lectures APP

® Tuesday September 10th, 4pm ® Email: frederic@cern.ch
e Thursday September 12!, 10:15am ® Telephone:

* Friday September 13!, 10:15apm (+33) 01 69157834

® Friday September 13", 1:30pm ® |n person: IJCLab

(Orsay) Bld. 208 Office 203
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Introduction Organisation

Organisation

The slides will be available, after the lecture, on the course web page of the Ecole Polytechnique l

Halzen and A. Martin: Quarks and Leptons

. Griffths: Introduction to Elementary Particles

. Mann: An introduction to Particle Physics and the Standard Model

J. R. Aitchinson & A. J. G. Hey: Gauge theories in Particle Physics

. Quigg: Gauge Theories of the Strong, Weak and Electromagnetic Interactions

F.
D
R
I
C
D

H. Perkins: Introduction to High Energy Physics
O. Nachtmann: Elementary Particle Physics
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Introduction Purpose of the course

Purpose of the course

The purpose is to understand the necessary knowledge to build the Standard Model of Particle
Physics and beyond. This may be frustrating at the beginning, but it appeared to be necessary to
come back to the basis of the building of the SM.

The course philosophy

® Emphasis of the course is on phenomenology

® Some experimental aspects will be discussed altogether with the interpretation of the
measurements

® The course will be interrupted with some practical calculations or examples. Often an excuse
to derive some results that are either important or that can be useful

® In the real world: theory and experiment are going in parallel

® Build the theory knowledge to put the experiments into perspective
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Outline of the course
® Relativity
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Introduction Outline of the course

Outline of the course

® Relativity
® Kinematics

® Feynman rules

F. Machefert (Cours Master 2 -X -PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 6/94



Introduction Outline of the course

Outline of the course

® Relativity
® Kinematics
(]
[ ]

Feynman rules
Moéller/Bhabha cross-sections
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Introduction Outline of the course

Outline of the course

® Relativity
® Kinematics
® Feynman rules
® Moéller/Bhabha cross-sections
® Building QED
® QED in practice
* QCD

® hadrons (SU(2), SU(3))

® Fragmentation, PDF, DIS

® Asymptotic freedom

® gluons

v
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Introduction Outline of the course

Outline of the course

Relativity
Kinematics

Feynman rules
Moéller/Bhabha cross-sections
Building QED

QED in practice

QCD

® hadrons (SU(2), SU(3))

® Fragmentation, PDF, DIS

® Asymptotic freedom

® gluons
® EW Theory

® Fermi, Higgs, Neutral currents
J/+p: GIM mechanism, discovery
Cabibbo-Kobayashi-Maskawa (CKM), K and B physics
W boson properties
Higgs boson
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Introduction Our conventions

Our conventions

S.I. and natural units

Quantity [kg, m, s] [h,c, GeV] h=@=1

Energy kg-m?.-s72  GeV GeV
Momentum kg-m-s~!'  GeV/c GeV
Mass kg GeV/c? GeV
Time s (Gev/h)~! GeV~!
Length m (Gev/hc)™!  Gev~!
Area m? (GeV/hic)™2  GeV 2

Natural units: h = c =1 — hc = 197.3MeV - fm
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The content of the Standard Model Fermions

Fermions

=

@

Matter = fermions
(Spin-3 particles):
® Electrons with two spin
orientations: L and R
()
eR
.
V.
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The content of the Standard Model Fermions

Fermions

=

@

Matter = fermions
(Spin-3 particles):
® Electrons with two spin
orientations: L and R Ve,
® Neutrinos (L) ( )

€L

R
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The content of the Standard Model Fermions

Fermions

Matter = fermions uL
(Spin-3 particles): d.

® Electrons with two spin
orientations: L and R Ver
® Neutrinos (L) eL

® Quarks L and R
(proton=uud, uR
neutron=udd) dr
eR
.
V.
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The content of the Standard Model Fermions

Fermions

Ll

Matter = fermions uL cL tL
(Spm—— particles): ( dr ) ( S ) ( bL )
Electrons with two spin
orientations: L and R v v v
® Neutrinos (L) ( eeLL ) ( :LL ) ( TTLL )
® Quarks L and R
(proton=uud, uR CR tR
neutron=udd) dr SR br
® Three families = heavier er LR TR
copies of the first family ) 4
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The content of the Standard Model ... and Bosons

... and Bosons

(Partoe
Interactions = bosons ur cL tr
(Spin—0 or —1 particles): ( d. ) ( SL ) ( br )

® Electromagnetism:

Spin—1 massless Ver Yy .
(&) () (%)

UR CR R

dr SR br
eR HR TR
y
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The content of the Standard Model ... and Bosons

... and Bosons

Interactions = bosons ur cL tr
(Spin—0 or —1 particles): ( d. ) ( SL ) ( br )
® Electromagnetism:
Spin—1 massless Ver Yy .
e Strong interaction ( & ) ( m ) ( . )
(p=uud): Spin—1
massless UR R i
dr SR br
CR MR TR
) v
g
v
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The content of the Standard Model ... and Bosons

... and Bosons

Interactions = bosons ur, cL L
(Spin—0 or —1 particles): ( d, ) ( SL ) ( b )
® Electromagnetism:
Spin—1 massless Ver Vi, U
® Strong interaction ( eL ) ( e ) ( L )
(p=uud): Spin—1
massless uR CR R
® Weak interaction: dr SR br
Spin—1 massive eR HR TR
y v
g
W=, z°
v
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The content of the Standard Model ... and Bosons

... and Bosons

Interactions = bosons ur, cL L
(Spin—0 or —1 particles): ( d, ) ( SL ) ( b )
® Electromagnetism:
Spin—1 massless Ver Vi, U
® Strong interaction ( eL ) ( e ) ( L )
(p=uud): Spin—1
massless uR CR R
® Weak interaction: dr SR br
Spin—1 massive eR HR TR
® Masses: Spin—0
massive ) 24
g
W+, 70
H
v
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The content of the Standard Model Charges

Electric charge

()

% UR CR tR
-3 dr SR br
—1 er UR TR
0 Y
0 g
+1,0 w* z°
0 H
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The content of the Standard Model Charges

Electric charge

5]

b

* Fractional charges not

observed in nature
® Strong interaction: uud, 0
udd ( b )

| wWIN
w|—=
/N
=
& &
N——
A~
»w O
= [
N——

% UR CR tR
-3 dr SR br
—1 er UR TR
0 Y
0 g
+1,0 w*, z°
0 H
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The content of the Standard Model Charges

Colour charge

® Sum of colours (RGB)
white C ur, cL tL
* R+G+B= C dp, SL br,
(qqq =baryon)
® Colour+anti-colour= — Ve, Vyp, Vr,
White (qq@ =meson) - eL UL L
® Gluon carries
colour+anti-colour C uR CR tR
o 8 different gluons (not 9) C dr SR br
V.
- €RrR MR TR
- vy
c+C g
- wEzZ°
— H
Wy
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The content of the Standard Model Standard Model Overview

Standard Model Overview

1 =t 2“ 3rd electro-weak
generation symmetrybreaking  outside of
everyday matter exotic matter force particles (mass giving)  standard model
S
- N N 7~ N N

|

r—

2.4m 1276 17128
«— charge
<«— color charge (g or b)
mass (eV)
up A charm op < spin
down A strange bottom

(ioReurpuEg+)
syenb g

O
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= i .é
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N 4 2‘ HE
a—nemrlnﬁ H-neutrino, H -
g
S

12 fermions (+12 anti-mater) 5 bOSONS (41 opposite charged W)
Increasing mass ——3»-
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The content of the Standard Model Interaction intensities

Interaction intensities

Rule of thumb for interactions

Interaction | Carrier | Relative strength
Gravitation Graviton (G) 10—40

Weak Weak Bosons (W*,z°) | 107
Electromagnetic Photon () 102

Strong Gluon (g) 1

® Forget about Gravitation in particle physics problems
® The course will lead us to understand how the model describes the interactions and their
strength.

F. Machefert (Cours Master 2 -X -PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 13/94



Relativity Metric and Lorentz transformation

Metric and Lorentz transformation

Metric
A four-vector x is attributed to a particular space-time point (contravariant vector).

x=0)=| % | =(

Greek letters are for four-vectors
Roman letters for spatial coordinates (vectors)
The scalar product is defined thanks to the metric tensor g+¥

1 0 0 0
0 -1 0 0
g= (g/U/) = 0 0 1 0
0 0 0 —1

by
XY = guuX'y¥ = xty, = xuy*
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Relativity Metric and Lorentz transformation

Metric and Lorentz transformation

Lorentz transformation

® A transformation (A, a) defines the transition from an inertia frame to another

(A, @) : xH — x'H = NEx” + gt
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Relativity Metric and Lorentz transformation

Metric and Lorentz transformation

£
&

Lorentz transformation

® A transformation (A, a) defines the transition from an inertia frame to another
(A a) : xH — X' = AEXY + at
® The energy and 3-momentum p of a particle of mass m form a four-vector whose square

p.p=m?
® In the course, we will apply the Einstein summation rule on greek indices
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Relativity Metric and Lorentz transformation

Metric and Lorentz transformation

Lorentz transformation

® A transformation (A, a) defines the transition from an inertia frame to another
(A a) : xH — X' = AEXY + at

® The energy and 3-momentum p of a particle of mass m form a four-vector whose square

p.p=m?
In the course, we will apply the Einstein summation rule on greek indices
The velocity of the particleis 8 = v/c = p/E

and the Lorentz factor is v = ﬁ
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Relativity Metric and Lorentz transformation

Metric and Lorentz transformation

Lorentz transformation

® A transformation (A, a) defines the transition from an inertia frame to another
(A a) : xH — X' = AEXY + at

® The energy and 3-momentum p of a particle of mass m form a four-vector whose square

p.p=m?
In the course, we will apply the Einstein summation rule on greek indices

The velocity of the particleis 8 = v/c = p/E
and the Lorentz factor is v = iz
® The energy and momentum (E*, p*) viewed from a frame moving with velocity 3¢ are given by

(E*>:< Ve —W/J’f)(E)
foy —viBr P
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Relativity Metric and Lorentz transformation

Metric and Lorentz transformation

Special relativity - Space-time coordinates

t 0% -8 0 0 t
x| | -8B ~y 0 O X
y | 0 0 1 0 y
z/ 0 0 0 1 z
with
1

B=v/c and 7:\/17—7%
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Relativity Muon decay in the atmosphere

Muon decay in the atmosphere

Muon decay

Elementary particles called muons (which are identical to electrons, except that they are about 200 times as
massive) are created in the upper atmosphere when cosmic rays collide with air molecules. The muons have an
average lifetime of about 2 x 10~ seconds (then they decay into electrons and neutrinos), and move at nearly
the speed of light.

Assume for simplicity that a certain muon is created at a height of 50 km, moves straight downward, has a speed
v = 0.99998c, decays in exactly T = 2 x 108 seconds, and doesn’t collide with anything on the way down. Will
the muon reach the earth before it (the muon) decays ?
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Relativity Muon decay in the atmosphere

Muon decay in the atmosphere

b

Muon decay
Elementary particles called muons (which are identical to electrons, except that they are about 200 times as
massive) are created in the upper atmosphere when cosmic rays collide with air molecules. The muons have an
average lifetime of about 2 x 10~ seconds (then they decay into electrons and neutrinos), and move at nearly
the speed of light.

Assume for simplicity that a certain muon is created at a height of 50 km, moves straight downward, has a speed
v = 0.99998c, decays in exactly T = 2 x 108 seconds, and doesn’t collide with anything on the way down. Will
the muon reach the earth before it (the muon) decays ? )

—6

The naive thing to say is that the distance traveled by the muonis d = vT ~ (3 x 108m/s)(2 x 10~%s) = 600m,
and that this is less than 50 km, so the muon doesn’t reach the earth.

This reasoning is incorrect, because of the time-dilation effect. The muon lives longer in the earth frame, by a
factor ~, which is v = 1/+/(1 — v?/c?) ~ 160 here. The correct distance traveled in the earth frame is therefore
vy T ~ 100km. Hence, the muon travels the 50 km, with room to spare.

The real-life fact that we actually do detect muons reaching the surface of the earth in the predicted abundances
(while the naived vT reasoning would predict that we shouldn’t see any) is one of the many experimental tests
that support relativity. )

F. Machefert (Cours Master 2 -X -PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 17/94



Relativity Muon decay in the atmosphere

Muon decay in the atmosphere

Muon decay again

Consider the “Muon decay” example. From the muon’s point of view, it lives for a time of T =
2 x 10—® seconds, and the earth is speeding toward it at v = 0.99998c. How, then, does the earth
(which travels only d = vT ~ 600 m before the muon decays) reach the muon?
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Relativity Muon decay in the atmosphere

Muon decay in the atmosphere

Muon decay again

Consider the “Muon decay” example. From the muon’s point of view, it lives for a time of T =
2 x 10~% seconds, and the earth is speeding toward it at v = 0.99998c. How, then, does the earth
(which travels only d = vT ~ 600 m before the muon decays) reach the muon?

Solution

The important point here is that in the muon’s frame, the distance to the earth is contracted by a
factor v ~ 160. Therefore, the earth starts only 50km/160 ~ 300m away. Since the earth can
travel a distance of 600 m during the muon’s lifetime, the earth collides with the muon, with time to

spare.
Time dilation and length contraction are intimately related. We can’t have one without the other.

| A\
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Kinematics The Mandelstam variables

The Mandelstam variables

b

5]

a = (Ea, Pa) = (po, Pi; P2, ps) gt = (1,-1,-1,-1)
Ea-Ea—Pa- Pa— forp#v:ght=0
g pupy = m3
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Kinematics The Mandelstam variables

The Mandelstam variables

a = (Ea, Pa) = (po, Pi; P2, ps) gt = (1,-1,-1,-1)
Ea-Ea—Pa- Pa— forp#v:ght=0
g pupy = m3

Conservation of E and p

at+tb=c+d
therefore

a—c=d-b
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Kinematics The Mandelstam variables

The Mandelstam variables

a = (Ea, Pa) = (po, Pi; P2, ps) gt = (1,-1,-1,-1)
Ea-Ea—Pa- Pa— forp#v:ght=0
g pupy = m3

Mandelstam Variables

Conservation of E and p

at+tb=c+d
therefore

a—c=d-b
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Kinematics The Mandelstam variables

The Mandelstam variables

S+t+u= mi4+m+mi4+md
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Kinematics The Mandelstam variables

The Mandelstam variables

S+t+u= mi4+m+mi4+md
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Kinematics The Mandelstam variables

The Mandelstam variables

S+t+u= mi4+m+mi4+md

4
Proof.
S+t+u = a’+b’>+2.a-b+a?+c®>-2.a-c+a>+d*>-2-a-d
a
4
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Kinematics The Mandelstam variables

The Mandelstam variables

— 2 2
S+t+u= mi4+m+mi4+md )
S+t+u = a’+b’+2.a-b+a?+c®-2-a-c+a’+d>-2-a-d
— 2 2
= 3mi+m+mi+m3i+2-a(b—c—d)
a

4
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Kinematics The Mandelstam variables

The Mandelstam variables

S+t+u= mi4+m+mi4+md

v

S+t+u = a’2+b’+2-a-b+a?+c?—-2-a-c+a’+d?2—-2-a-d

= 3mi+m+mi+m3i+2-a(b—c—d)
= 3mi+m+m+m2—2-a(a)

a+tb=c+d
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Kinematics The Mandelstam variables

The Mandelstam variables

stt+u= mi+mi+mi+mj

v

S+t+u a2 +b°+2-a-b+a?2+c2—2-a-c+a?+d°-2-a-d

= 3mi+m+mi+m3i+2-a(b—c—d)
= 3mi+m+m+m2—2-a(a)
= 3mi+mZ+mz+mi—2m3
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Kinematics The Mandelstam variables

The Mandelstam variables

stt+u= mi+mi+mi+mj

v

S+t+u a2 +b°+2-a-b+a?2+c2—2-a-c+a?+d°-2-a-d

= 3mi+m+mi+m3i+2-a(b—c—d)
= 3mi+m+m+m2—2-a(a)
= 3mi+mZ+mz+mi—2m3

= mi+mi4+mi+mg
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Kinematics The Mandelstam variables

The Mandelstam variables

s+t+u= mi+m+mz+ma

v

S+t+u a2 +b°+2-a-b+a?2+c2—2-a-c+a?+d°-2-a-d

= 3mi+m+mi+m3i+2-a(b—c—d)
= 3mi+m+m+m2—2-a(a)
= 3mi+mZ+mz+mi—2m3

= mi+mi4+mi+mg

2 particle reaction — 2 independent variables!
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Kinematics The Mandelstam variables

The Mandelstam variables

Useful relationships

t = —2(Es-Ec—Pa-Pe)
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Kinematics The Mandelstam variables

The Mandelstam variables

Useful relationships

t = —2(Ea-Ec—Pa-pc)
= —2(§~§—§-§~c059)

massless
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Kinematics The Mandelstam variables

The Mandelstam variables

o
Useful relationships
t = —2(Ea-Ec—Pa-Po)
= —2(‘/E ?—%% cos )
= —5-(1—cosb)

massless
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Kinematics The Mandelstam variables

The Mandelstam variables

bid
t = —2(Ea-Ec—Pa-pc)
= —2(§~§ i \f - cos 0)
= —5-(1—cosb)
u = —35-(1+cosh)

massless
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Kinematics The Mandelstam variables

The Mandelstam variables

b
Useful relationships
t = —2(Ea-Ec—Pa-Pc)
— _g(ﬁ.ﬁ_ﬁ.g.cosg)
—5 (1 —cos0)
u = —35-(1+cosh)
(i % § -1/ E2 — m2 - cos )
v
massless initial state and massive final state of identical particles
Advanced Particle Physics —Ecole Polytechnique September 2024 21/94
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Kinematics The Mandelstam variables

The Mandelstam variables

b
t = _2(Ea'Ec—ﬁa'ﬁc)
= —2(§~§—f~§-c059)
—5 (1 —cos0)
u = —35-(1+cosh)

—2(TS~TS—TS-Q/E§—m§~c050)
3.3 S .4/s8/4 — mZ - cos0)

I

|

N
N
|
rof

|
o

massless initial state and massive final state of identical particles
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Kinematics The Mandelstam variables

The Mandelstam variables

Useful relationships

t = —2(Ea-Ec—Pa-Pc)
= —2(§~§—f~§-c059)
—5 (1 —cos0)
u = —35-(1+cosh)
—2(§~ — -1/ E2 — m2 - cos )

Vs _ Vs
2 2
—2(% . ? — ? -1/8/4 — m& - cos )
Vs /s
2 2

-%4/1 —4m2/s - cos )

I
N
[

massless initial state and massive final state of identical particles
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Kinematics The Mandelstam variables

The Mandelstam variables

Useful relationships

t = —2(Ea-Ec—Pa-Pc)
= —2(§~§—f~§-c059)
—5 (1 —cos0)
u = —35-(1+cosh)
—2(§~ — -1/ E2 — m2 - cos )

Vs _ Vs
2 2
—2(% . ? — ? -1/8/4 — m& - cos )
Vs /s
2 2

_ 2(% - .é.m-cosb?)
= —5-(1—-p-cosh)

massless initial state and massive final state of identical particles
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Kinematics Crossing relationship

Crossing relationship

5]

b

Crossing relationship

at+b—-c+d
s=(a+b)?
t=(a-c)?
u=(a—d)>?
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Kinematics Crossing relationship

Crossing relationship

Crossing relationship
a+b—c+d|at+c—b+d
s=(a+b)? s’ = (a+¢c)?
t=(a-c)? ¥ = (a—b)?
u=@-d? | v =(a-d)?
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Kinematics Crossing relationship

Crossing relationship

Crossing relationship

a+b—-c+d|at+c—b+d

s=(@+b? |g=(@+c? =(a—c)
t=(a-c)? ¥ = (a—b)? =(a+b)?
u=(a—d)>? U=@-d? =(a—d)?
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Crossing relationship

Crossing relationship

Kinematics Crossing relationship

a+b—-c+d|at+c—b+d

s=(a+b)? s’ = (a+¢c)?
t=(a-c)? ¥ = (a—b)? =
u=@-d? | v =(a-d)?

F. Machefert (Cours Master 2 —X —PHE)
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Crossing relationship

Crossing relationship

Kinematics Crossing relationship

a+b—-c+d|at+c—b+d

s=(a+b)? s’ = (a+¢c)?
t=(a-c)? ¥ = (a—b)? =
u=@-d? | v =(a-d)?

® Calculate a process as function of s,t,u
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Crossing relationship

Crossing relationship

Kinematics Crossing relationship

a+b—-c+d|at+c—b+d

s=(a+b)? s’ = (a+¢c)?
t=(a-c)? ¥ = (a—b)? =
u=@-d? | v =(a-d)?

® Calculate a process as function of s,t,u

® Derive crossed processby s — t, t —» s, u — u
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=(a—d)?

=t
=S

=u
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Kinematics Crossing relationship

Crossing relationship

Crossing relationship

a+b—-c+d|at+c—b+d

s=(a+b)? s’ = (a+¢)? =(@a-cP =t
t=(a-c)? ¥ = (a—b)? =(a+b)? =s
u=@-d? |v=(@-d? =(@-d? =u

® (Calculate a process as function of s,t,u
® Derive crossed processby s — t, t —» s, u — u

® We can express one process in the kinematic variables of another process (Xcheck)
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Kinematics Crossing relationship

Crossing relationship

Crossing relationship

a+b—-c+d|at+c—b+d

s=(a+b)? s’ = (a+¢)? =(@a-cP =t
t=(a-c)? ¥ = (a—b)? =(a+b)? =s
u=@-d? |v=(@-d? =(@-d? =u

® (Calculate a process as function of s,t,u

® Derive crossed processby s — t, t —» s, u — u

® We can express one process in the kinematic variables of another process (Xcheck)
® Global factor —1 for each fermion line crossed
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Kinematics s channel and t channel

s channel and t channel

ihiliati t—channel: scattering

s—channel: annihiliation
e +A—e +A

et +e” v ut +pu

September 2024 23/94
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Kinematics s channel and t channel

s channel and t channel

ihiliati t—channel: scattering

s—channel: annihiliation
e +tA—e +A

et +e” vy put+puT

©
A
— ——
t t
g~ = Pe— +Pet
s = ¢
(CM) = (E.- +Ex)?
.
w
23/94
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Kinematics s channel and t channel

s channel and t channel

s—channel: annihiliation t—channel: scattering

et +e” v ut +pu e +A—e +A
-
A
— ——
t t
4 = P +Pe
s = ¢
(CM) = (E~ +Ex)?
> 0

The photon is massive (virtual) time-like
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Kinematics s channel and t channel

s channel and t channel

s—channel: annihiliation t—channel: scattering

et +e” v ut +pu e +A—e +A
—
A

— ——
t t

qy = P.- + Pe+ pef = 0y + pe;

s = ¢ !

(CM) = (E.- +E.)?

> 0
The photon is massive (virtual) time-like
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Kinematics s channel and t channel

s channel and t channel

s—channel: annihiliation t—channel: scattering

et +e” v ut +pu e +A—e +A
—
A

— ——
t t

qy = Pe— +Pet pelf = Oy + pe;

& = 4 t = ¢

(CM) = (E.- +E.)?

> 0
The photon is massive (virtual) time-like
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Kinematics s channel and t channel

s channel and t channel

s—channel: annihiliation t—channel: scattering

et +e” v ut +pu e +A—e +A
—
A

— ——
t t

qy = Pe— +Pet pelf = Oy + pe;

& = 4 ) t = q?5

(CM) i (()Ee— + Ee+) = me + mg —2. pel_ o peD_

The photon is massive (virtual) time-like )
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Kinematics s channel and t channel

s channel and t channel

s—channel: annihiliation t—channel: scattering

et +e” v ut +pu e +A—e +A
—
A
— ——
t t
qy = Pe— +Pet pelf = Oy + pe;
s = ¢ ¢ -
(CM) =S (Ee—+Ee+)2 = m’é_’.mg_zp_p_
> 0 LS o
, o o —2(EiEo — |illPo| cos 6)
The photon is massive (virtual) time-like )
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Kinematics s channel and t channel

s channel and t channel

s—channel: annihiliation t—channel: scattering

et +e” v ut +pu e +A—e +A
—
A
— ——
t t
. 2% = Pe— tPet pelf = Oy + pe;
s = 9 t = ¢
(CM) = (B +E.)? — mim-2.p_p_
> 0 sl
o ~  —2(EiE; — |BillBo| cos6)
The photon is massive (virtual) time-like ) ~ —2EE,(1 — cosb)
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Kinematics s channel and t channel

s channel and t channel

s—channel: annihiliation t—channel: scattering

et +e” v ut +pu e +A—e +A
—
A
— ——
t t
qy = Pe— tPet pelf = Oyt pe;
s = 9 t = ¢
(CM) = (B~ +E.)? - mim-2.p_-p_
> 0 sl
o ~  —2(EiEo — |]|po| cos )
The photon is massive (virtual) time-like ) ~ —2EE,(1 — cosb)
<

0

The photon is massive space-like
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Kinematics Cross section and total width

Cross section and total width

Cross Section

® The cross section o is the ratio of the transition rate and the flux of incoming particles.
® |ts unit is cm?
® 1b = 10~2*cm? (puts barn in perspective, doesn'’t it?)

Two ingredients:
e the interaction transforming initial state |/) to a final state (f| of m particles with four-vectors p;

do = |IM[?
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Kinematics Cross section and total width

Cross section and total width

Cross Section

® The cross section o is the ratio of the transition rate and the flux of incoming particles.
® |ts unit is cm?
® 1b = 10~2*cm? (puts barn in perspective, doesn'’t it?)

Two ingredients:
e the interaction transforming initial state |/) to a final state (f| of m particles with four-vectors p;
® kinematics (including Lorentz-Invariant phase space element)

do= ] =P @m)o(0 + .. + bl — 1 — PRIMP
2312 e (27r)32Ei/0 1 m 1 2

with (originating from flux) Sy2 = /(s — (my + M)2)(s — (Mg — m2)2)
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Kinematics Cross section and total width

Cross section and total width

Total Width or Decay Rate

® Total width is the inverse of the lifetime of the particle
® unit: energy, e.g., GeV.
® Closely related, but not identical to the cross section

2EH @ )325/0 (2m)*5(P} + - + P — P1)IM|?

For the decay of an unpolarized particle of mass M into two particles (in the CM frame g} = —p):

1 ‘p1|
T 3272 M2

where Q is the solid angle with dQ2 = d¢d cos 0

|M[2dQ
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Kinematics Cross section and total width

Cross section and total width

Cross section and total width for a final state with 2 particles

Cross section 2 — 2 reaction with four massless particles:

2
do = 71 M|
6472 s

Width of a massive particle (v/s = M) decaying to two massless particles in the final state
B} = v/5/2:

~ 64n2 /s

1 |M|2dQ

Study of the phase space in Problem Solving with applications to 2-body.
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Kinematics Description of an unstable particle

Description of an unstable particle

=

@

® Particles: plane waves
(X, t) ~ exp —imgt
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Kinematics Description of an unstable particle

Description of an unstable particle

=

@

® Particles: plane waves
(X, t) ~ exp—imot,, mg — mg — il /2
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Kinematics Description of an unstable particle

Description of an unstable particle

5]

b

® Particles: plane waves
(X, t) ~ exp—imot,, mg — mg — il /2
N(t) =Ny -exp—t/7, T =1/7
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Kinematics Description of an unstable particle

Description of an unstable particle

® Particles: plane waves
(X, t) ~ exp—imot,, mg — mg — il /2
N(t)=Ny-exp—t/7, T =1/7

® Fourrier transform to momentum

space: A ~ =) T /2
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Kinematics Description of an unstable particle

Description of an unstable particle

® Particles: plane waves A2 ~ I -
W(X, ) ~ exp —imgt, my — mg — il/2 (m—mg)? +T12/4
. ’;’(’) =No - e}‘P—’/T’ r=1/r I full width half maximum - Similarity to
ourrier transform to momentum classical mechanics (resonance)

. 1
space: A ~ =) T /2
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Kinematics Description of an unstable particle

Description of an unstable particle

® Particles: plane waves A2 ~ 1 ®
P(%, 1) ~ exp —imgt , my — mo — iT /2 (m—mo)2 +2/4
N(t) = No -exp —t/m, T =1/7 I: full width half maximum - Similarity to
® Fourrier transform to momentum

S A 1 classical mechanics (resonance)
space: A~ s

Examplee~et — Z° — qq

— o T i
=
&
E “f ALEPH
© DELPHI
L3
30k OPAL
20 ]
® Ty e
10 [ cromnt
n L L My |
86 88 9 92 94
E,, [GeV]

lifetime too short to be measured directly: measure mass via decay

products qg - cross section measurement

V.
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Kinematics Description of an unstable particle

Description of an unstable particle

1 b
(m—mo)2 +T12/4

I": full width half maximum - Similarity to
classical mechanics (resonance)

® Particles: plane waves ‘ A|2 ~
(X, t) ~ exp —imgt, my — mg —il/2
N(t) =Ny -exp—t/7, T =1/7

® Fourrier transform to momentum

space: A ~ =) T /2

Example e—et — Z° — qg Example pp — H — vy (EW 2

— B T T -
10000 =
= 40 - S P M P TSVRE
2 r - Bkg (4th order polynomial) 1
6 :'l:?::ﬁl 2 e~ ATLAS Preliminary =
L3 o £ Horr ]
30 - OPAL o0 =
L= 7Te\/.J’Ldt =48t |
2000 =<
C ﬁ:anv,jm:zoﬂb‘ 1
o = B
L a0 E
20 § pre 8 | E
2 aE E
Eowe 4y + -
FRA) IS S
s ba .
oy g wE[ T R
§ b E
10 [ ctromne & 1 T 7T 7T T = o0
..... < m,, [Ge
Beware: the width here has nothing to do with I' ~ 5MeV!
! L L My |
86 88 9 92 94
E,, [GeV]
lifetime too short to be measured directly: measure mass via decay y
products qg - cross section measurement )
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Kinematics Description of an unstable particle

Description of an unstable particle

1 b
(m—mo)2 +T12/4

I": full width half maximum - Similarity to
classical mechanics (resonance)

® Particles: plane waves ‘ A|2 ~
(X, t) ~ exp —imgt, my — mg —il/2
N(t) =Ny -exp—t/7, T =1/7

® Fourrier transform to momentum

space: A ~ =) T /2

Example e—et — Z° — qg Example pp — H — vy (EW 2

— B T T I
= 40 T P M P TSVRE
2 r - Bkg (4th order polynomial) 1
b‘ :'l:?::ﬁl 2 000 ATLAS Preliminary -
L3 o £ Horr ]
L OPAL o0 =
30 £ E:vuv.jm::.am‘ |
2000 =<
C ﬁ:anv,jm:zoﬂb‘ 1
o = B
a0 E
20 § peet | E
2 aE E
Eowe 4y 4 E
: FRA) IS S
oy g wE[ T R

§ b E

10 [ ctromne & 1 T 7T 7T T = o0
..... < m,, [Ge

Beware: the width here has nothing to do with I' ~ 5MeV!
! L L My |
86 88 90 92 94 The experimental resolution is the origin (error propagation):
E,, [GeV]
My = /(g7 + pp7)2 = /26 E] (1 — cos 0)
lifetime too short to be measured directly: measure mass via decay y
products qg - cross section measurement )
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Kinematics Description of an unstable particle

Description of an unstable particle

Suppose that we have two (and exactly two) possible decays for the particle a:

a — b+ec
a — d+e

then:
r= rbc + I_de

If a particle of a given mass can decay to more final states than another one with the same mass, it
will have a shorter lifetime (independently of the physics processes involved...)

Branching ratio

B(a—b+c)=Tp/T
The branching ratio: Of N decays of particle a, a fraction B will be the final state with the particles
b and c. Iy is a partial width of particle a.

Remember: for the calculation I' ALL final states (partial widths) have to be considered.
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Quantum Field Theory Introduction

Introduction
Why do we need quantum field theory ? E = mc? and QFT

m to quantum field theory

The Einstein equation makes a relation between energy and mass

E = mc?
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Quantum Field Theory Introduction

Introduction
Why do we need quantum field theory ? E = mc? and QFT

m to quantum field theory

The Einstein equation makes a relation between energy and mass

E = mc?

This means that if there is enough energy, we can create a particle with a given mass m.

F. Machefert (Cours Master 2 -X -PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 29/94



Quantum Field Theory Introduction
Introduction
Why do we need quantum field theory ? E = mc? and QFT

m to quantum field theory

The Einstein equation makes a relation between energy and mass

E = mc?

This means that if there is enough energy, we can create a particle with a given mass m.
However, due to conservation laws, it will most probably be necessary to produce twice the
particle’s mass (particle and antiparticle).
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Quantum Field Theory Introduction

Introduction

Why do we need quantum field theory ? E = mc? and QFT

o

m to quantum field theory

The Einstein equation makes a relation between energy and mass

E = mc?

This means that if there is enough energy, we can create a particle with a given mass m.
However, due to conservation laws, it will most probably be necessary to produce twice the
particle’s mass (particle and antiparticle).
Hence

® Particle number is not fixed

® The types of particles present is not fixed
This is in direct conflict with nonrelativistic quantum mechanics and for example the Schrédinger
equation that treats a constant number of particles of a certain type. )
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Quantum Field Theory Special relativity and quantum field theory

Special relativity and quantum field theory

Attempts to incorporate special relativity in Quantum mechanics

Quantum mechanics and special relativity

Schrddinger equation contained first order time derivative and second order space derivatives

2 84 )
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Quantum Field Theory Special relativity and quantum field theory

Special relativity and quantum field theory

Attempts to incorporate special relativity in Quantum mechanics

L]

Quantum mechanics and special relativity

Schrddinger equation contained first order time derivative and second order space derivatives

2 92
Lo VA

Not compatible with special relativity (E2 = p? + m?).
First attempt consisted to promote the time derivative to the second order. This resulted in the

Klein Gordon equation :
1% _ v _ e,

c2 9tz Ox? h2
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Quantum Field Theory Special relativity and quantum field theory

Special relativity and quantum field theory

Attempts to incorporate special relativity in Quantum mechanics

o

Quantum mechanics and special relativity

Schrddinger equation contained first order time derivative and second order space derivatives

2 92
Lo VA

Not compatible with special relativity (E2 = p2 + m?).
First attempt consisted to promote the time derivative to the second order. This resulted in the

Klein Gordon equation :
1% _ v _ e,

c2 9tz Ox? h2

But this leads to funny features:
® Negative presence probabilities,
® negative energy solutions
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Quantum Field Theory Special relativity and quantum field theory

Special relativity and quantum field theory

Attempts to incorporate special relativity in Quantum mechanics

o

Quantum mechanics and special relativity

Schrddinger equation contained first order time derivative and second order space derivatives

2 92
Lo VA

Not compatible with special relativity (E2 = p2 + m?).
First attempt consisted to promote the time derivative to the second order. This resulted in the
Klein Gordon equation :

102 0%  mic?

¥

c2 o2 xR
But this leads to funny features:
® Negative presence probabilities,
® negative energy solutions
Dirac solved the problems by reducing the spatial derivative power.
Resulted in the Dirac equation.
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Quantum Field Theory Feynman calculation

Feynman calculation
Rough recipe

Process calculation

Construct the Lagrangian of Free Fields

Introduce interactions via the minimal substitution scheme
Derive Feynman rules

Construct (ALL) Feynman diagrams of the process

Apply Feynman rules

Some aspects are not part of these lectures, but will sketch the ideas

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique
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Quantum Field Theory Evaluate a process

Evaluate a proces

Diagram orders: LO

¢ ® |eading Order (LO) diagram is the simplest
diagram

® The electron is on-shell (p? = m2), no
interactions
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Quantum Field Theory Evaluate a process

Evaluate a proces

Diagram orders... NLO

b
® NLO (next-to-leading order) diagram
v ® Process not allowed in classical mechanics
® Heisenberg: AEAt > 1 — process allowed
e for reabsorption after At ~ 1/AE
e
t
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Quantum Field Theory

Evaluate a proces

Evaluate a process

Diagram orders... NLO

F. Machefert (Cours Master 2 —X —PHE)

Advanced Particle Physics —Ecole Polytechnique

&

® Quantum mechanics: add all diagrams, but
that would also include N, = oo

® Each vertex is an interaction and each
interaction has a strength
(IMJ]? ~a=1/137)

® Perturbation theory with Sommerfeld
convergence

September 2024 33/94



The Lagrangian

The Lagrangian

What we want to describe

* Remember the particle zoo ( ug, ) ( cL )

(w)

UR CR tr
dR SR bR
R MR TR
~
j:g
W=, z°
H
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The Lagrangian

The Lagrangian

What we want to describe

® Remember the particle zoo
® ftreat only the carrier of the interaction ~
® aswellasthee

(o)

€R
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The Lagrangian Lagrangian field theory

Lagrangian field theory

e

The Lagrangian and the Action

The Lagrangian is defined by
L=T-V

F. Machefert (Cours Master 2 -X -PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 35/94



The Lagrangian Lagrangian field theory

Lagrangian field theory

o

The Lagrangian and the Action

The Lagrangian is defined by
L=T-V

The action is the time integration of the Lagrangian, S = [ Ldt. This is a functional: its argument
is a function and it returns a number.
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The Lagrangian Lagrangian field theory

Lagrangian field theory

The Lagrangian and the Action

The Lagrangian is defined by
L=T-V

The action is the time integration of the Lagrangian, S = [ Ldt. This is a functional: its argument
is a function and it returns a number.
Assuming that the Action should be minimal

t:
S= /2 L(q, §)dt with 55 = 0
t;

1

(the g;(t) being the generalized coordinates)
leads to the Euler-Lagrange equation

daL oL

atog  oq

The familiar equations of motion can be obtained from this equation.
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The Lagrangian Lagrangian field theory

Lagrangian field theory

Lagrangian density

| &%

Lagrangian formalism is now applied to fields, which are functions of spacetime (x, t). The
Lagrangian is, in the continuous case, the space integration of the Lagrangian density.

L:T—V:/£d3x

S:/Ldt://:d“x

L= ['(1[’7 6u¢')

From a Lagrangian density and the Euler-Lagrange equation, equations governing the evolution of
particles (i.e. fields) can be derived.

and the action becomes

Typically,
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The Lagrangian

Quantum Electrodynamics

The photon
Maxwell equations:

0, F1v (%)

J" (%)
P79y F oo (X) 0

with the photon field tensor:

FrY(x) = O*AY (x) — 0¥ A¥(X)
F[,LV(X) = a,u,Au(x) = BVA”,(X)

A* being the usual vector potential,

= ] p(x) )
A= (¢,A)and j¥(x) = = :
(.2 and 0 = (50
the current density.
F is antisymmetric, F,,, = —F,, and has 6
independent components

=

E = (Ex, Ey, Ez) = (Fo1, Foz2, Fo3)

=

B = (Bx, By, B;) = (—Fz3, —F31, —F12)

Quantum Electrodynamics

The potentials are not unique and are
determined up to a gauge transformation
A, — Ay + 0ux where x is arbitrary.

The field strengths are invariant under this
transformation (the s commute. .. ).

We can restrict the gauge and there exist
plenty of them. We will often refer to the
Lorentz gauge 9, A* = 0.

The current satisfies the continuity equation
which, in 4-dimension, is a vanishing
4-divergence 0, j* = 0.

If you use the Lorentz gauge on the
inhomogeneous Maxwell equations, you get
the simplified and equivalent equation

JAY :ju

F. Machefert (Cours Master 2 —X —PHE)

Advanced Particle Physics —Ecole Polytechnique
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Schrédinger equation is ih %% = Hy, with
A= _g’%vz + V.

However £ should be chosen now to
respect special relativy.

Writing P = io*, H should fulfill

F/Z :,32+m2 :Z(Pk)2+m2
k

Let’s take a matrix form to solve the problem
(obviously it cannot be a number...)

3
A=Y okPk+pm=a.P+pm
k=1

By putting A to the square you get some
constraints on @ and 3:
akal 4 alak = 26K
akBJrﬁak:O, 52:1
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The Lagrangian

Quantum Electrodynamics

Quantum Electrodynamics

Schrédinger equation is ih %% = Hy, with
A= —%ivz + V.

However A should be chosen now to
respect special relativy.

Writing P = io*, H should fulfill

FIZ :I_g’2+m2 :Z(Pk)2+m2
k

Let’s take a matrix form to solve the problem
(obviously it cannot be a number...)

3
A=Y okPk+pm=a.P+pm
k=1
By putting A to the square you get some

constraints on @ and 3:

akal + alak = 26K
akB+pBak =0, B2=1

F. Machefert (Cours Master 2 —X —PHE)

Advanced Particle Physics —Ecole Polytechnique

This implies that : 82 =1, (a¥)2 =1,
Tr(8) = Tr(a) = 1, and eigenvalues of o
and 3 are +1

The wave function has to be a 4-component
column.

The a and 3 can be redefined in 1% = 3,
v* = Bak, with v+ = (1°,9)

One common representation is the Dirac
representation :

o_ (1 O k_( O ak
7 —(o —n)’ 7 —(_ok 0
The previous set of equations is rewritten as

T At = { vt = 2941

~% is often introduced, v° = ir%y11243,
leading to

(+* =14 and {7°4*}=0

September 2024 38/94




The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation

The Dirac equation is then /81!’ = (@.P + gm)y
and by multiplication with 3, we obtain i30qy) = —iBak ok + B2
which transforms into iv%8yy + ink8xy — my = irHOu —mp =0

The Dirac equation final form is:
(i7" O — m)ep(x)

Lagrangians
Applying Euler-Lagrange on the Lagrangian £ = (x)(iv*d,, — m)(x) gives the Dirac equation
with ¢ = 170 = 4T

[
Il
o
\,

Euler-Lagrange on £ = } F,,, F*¥, you obtain 9, F* = 0
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation R

The Dirac equation is then i 9% = (&.P + Sm)y

and by multiplication with 3, we obtain i30qy) = —iBak ok + B2
which transforms into iv%8yy + ink8xy — my = irHOu —mp =0
The Dirac equation final form is:

(i 8, — myp(x) = 0

v

Applying Euler-Lagrange on the Lagrangian £ = (x)(iv*d,, — m)(x) gives the Dirac equation
with ¢ = 170 = 4T

Euler-Lagrange on £ = } F,,, F*¥, you obtain 9, F* = 0

v

The free Lagrangian (L)

By = —%FMV(X)F””(X) + P(X) (I 8 — m)(x)
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Minimal Substitution

&

Minimal Substitution

1Oy — 10y + eAu(X)
D(X)yHi8,h(X)
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Minimal Substitution

&

Minimal Substitution

Oy — [0y + €A (X)
&(x)'y“iaulb(x)
= DXV (i + eAu(X))1h(X)
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Minimal Substitution

Minimal Substitution

1Oy — 10y + eAu(X)
D(X)yHi8,h(X)

(X)YH(i0, + AL (X))¥(X)

_)
= (X)yHi8ub(X) + ep(X)yHAu(X)P(X)

v
¥

leads to a coupling between photon and fermion fields:
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Minimal Substitution

Minimal Substitution
1Oy — 10y + eAu(X)

7/;()()7“ i6u¢(x)

= P(X)7* (0 + eAL(X))(x)
= PX)y*i0up(X) + ep(X) v Au(X)(X)

leads to a coupling between photon and fermion fields:

Interaction Lagrangian £’

L= —j"A, = eb(X)7H Au(X)w(X)

the negative sign for j* = —e (X)) (x)

September 2024 40/94
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation

&

Dirac equation for adjoint spinor

iVH O — mp = 0
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation

or adjoint spinor

Il
o

iyHOuth — myp
—i(y") Ouyp* — my*

Il
o
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation

or adjoint spinor

iyHOuth — myp
—i(y") Ouyp* — my*
—i(0uyT)(v*) T — myT =

o oo

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation

Dirac equation for adjoint spinor

IO — map =
— (") O™ — myp* =
— i(QuypT)(v*)T — myt =
— (BT )y () Ty° — meptyye

o OoOoo
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation

Dirac equation for adjoint spinor

IO — map =
— (") O™ — myp* =
— i(QuypT)(v*)T — myt =
— (BT Iy (y#) Ty — meptyye
— i(Qu)y°(y*) Ty — mi

[eNeNeNoNo]
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation

Dirac equation for adjoint spinor

IO — map =
— (") O™ — myp* =
— i(QuypT)(v*)T — myt =
— (BT Iy (y#) Ty — meptyye
— i(0u)y°(*)Ty° — mi

— i(Oup)yH — myp

[eNeNeoNoNoNa)
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation

Dirac equation for adjoint spinor

i'Yﬂau'%/J - my

— i(v#)* Oub* — my*

— i(OupT)(v*)T — myt

— i(Bupt)yo v (v 1y — mypty°
— i(BuP)y° (v*) e — mep

— Q) — myp =
i(Opp)y* + My =

|
coocooocoo
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The Lagrangian Quantum Electrodynamics

Quantum Electrodynamics

Dirac equation

Dirac equation for adjoint spinor

"7”1%7/) - my

— i(v#)* Oub* — my*

— i(OupT)(v*)T — myt

— i(Bupt)yo v (v 1y — mypty°
— i(BuP)y° (v*) e — mep

— Q) — myp

i(Opp)y* + My

|
coocooocoo

y

EM current conserved

Ot = Oul-edyryl
= —e(OuY)yHb — eYyH oy Dirac
= —imeyy + iempr) Dirac adjoint
= 0
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The Lagrangian Gauge invariance

Gauge invariance

Gauge Invariance

Invariance of the Lagrangian under local U(1) transformations,
or why should physics depend on the location ?

A o Au+ 9uNX)
Y(x) —  exp(ieA(x))y(x)

Lo+l =L—L

Local gauge invariance under a U(1) gauge symmetry (1929 Weyl)
if A # f(x) itis a global U(1) symmetry.
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The Lagrangian Gauge invariance

Gauge invariance

U(1) Gauge invariance:

Photon field

Fuo = 0uA, —0,A,
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The Lagrangian Gauge invariance

ge invariance

U(1) Gauge invariance:

Photon field

Fu OuA, — B, A,
8u(Ay + 8uN) — By (A + Buh)
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The Lagrangian Gauge invariance

Gauge invariance

U(1) Gauge invariance:

Photon field

F;u/ = aHAy — ayA#
8 (A + uA) — By (Au + 8uN)
S auAl/ - 6VA/.L + 8Hau/\ — 81,8MA
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The Lagrangian Gauge invariance

Gauge invariance

U(1) Gauge invariance:

Photon field

Fuv = 0uA, —0,A,
8u(Ay + 8uN) — By (A + Buh)
= 0uA, — BuAu + 00N — B, 0N 0,0, = 0,0,
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The Lagrangian Gauge invariance

Gauge invariance

U(1) Gauge invariance:

Photon field

Fuv = 0uA, —0,A,
= 9u(As + 3uA) — By (Au + OuN)
= 0uA, — BuAu + 00N — B, 0N 0,0, = 0,0,
= 0.A, —B,A,
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The Lagrangian Gauge invariance

Gauge invariance

U(1) Gauge invariance:

Photon field

Fuo = 0uA, —0AL
= Ou(Av + 9uN) — 8, (A + OuN)
= Ay — OuAu + OuOLN — 8, OuN 8,8, = 0,0,
= 9,A, —8,AL
= F/w

Photon field ok
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The Lagrangian Gauge invariance

Gauge invariance

Fermion field

P(in* Oy — m)y

d Particle Physics —~Ecole Polytechnique September 2024 44/94
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The Lagrangian Gauge invariance

Gauge invariance

Fermion field

P(iyH8y, — myp
= IY0(ivto, — m)y
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The Lagrangian Gauge invariance

Gauge invariance

Fermion field

’/_’(’.’7”3# — m)yp
= IY0(ivto, — m)y
— ¢t exp (—ieN)y0(iv* 0y — m)(1p exp (ieN))
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The Lagrangian Gauge invariance

Gauge invariance

Py — m)dp
— YT exp (—ieN)y°(in# 9, — m)(v exp (ieN))
= exp(—ieN)Y(iv*8, — m)(v exp (ieN))
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Gauge invariance

Fermion field

+ o+

The Lagrangian Gauge invariance

P(in* Oy — m)y

¥ exp (—ieN)Y°(in* 0y — m) (v exp (ieN))
exp (—ieN)y(in# 8y, — m)(¥ exp (ieN))
exp (—ieN) i (9u) exp (ieh)

exp (—ieN) iy epd,, exp (ieN))

exp (—ieN)p(—m)wp exp (ieN)

F. Machefert (Cours Master 2 —X —PHE)
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Gauge invariance

Fermion field

+ +

The Lagrangian Gauge invariance

P(iyH8y, — myy

¥ exp (—ieN)Y°(in* 0y — m) (v exp (ieN))
exp (—ieN)y(in# 8y, — m)(¥ exp (ieN))
exp (—ieN) i (9u) exp (ieh)

exp (—ieN) iy epd,, exp (ieN))

exp (—ieN)p(—m)wp exp (ieN)

Py (8u)
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The Lagrangian Gauge invariance

Gauge invariance

Fermion field

P(ir# O — m)y

S gT exp (—ieN)O(iv#8, — m)(iexp (ieh))

exp (—ieN)p(ir# 9y — m) (1) exp (ieN))

exp (—ieN) it (9u1p) exp (iel)

exp (—ieN) iy 1pd,, exp (ieN))

exp (—ieN)p(—m)i exp (ieN)

DiyH (D)) + exp (—ieN)piyHapied, N exp (iel)

+
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The Lagrangian Gauge invariance

Gauge invariance

Fermion field

Y(iyH Oy — m)yp

S exp (1A (ivhD, — m)(1 exp (ieN))
exp (—ieN)p(ir# 9y — m) (1) exp (ieN))
exp (—ieN) it (9u1p) exp (iel)

+  exp(—ieN)PivyHpd,, exp (ieN))
+  exp(—ieN)p(—m)i exp (ieN)
= Diy*(Outh) + exp (—ieN)piyHapied, N exp (ieN)
+ Y(=my
September 2024 44/94
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Gauge invariance

Fermion field

The Lagrangian Gauge invariance

P(iyHBy — m)y
YT exp (—ieN)y2 (i 0, — m)(¢ exp (ieN))

-
= exp(—ieN)Y(iv*8, — m)(v exp (ieN))
= exp(—ieN)piv*(dup) exp (iel)
+  exp(—ieN)Piv o, exp (ieN))
+  exp(—ieN)p(—m)ip exp (iel)
= Piy*(Ouy) — ey (BuN)y
+  P(—m)yp
44194
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Gauge invariance

Fermion field

[

+

The Lagrangian Gauge invariance

P(iyH8y, — myy

PT exp (—ieN)y°(in# 8y — m)(v exp (ieN))
exp (—ieN)y(in# 8y, — m)(¥ exp (ieN))
exp (—ieN) i (9u) exp (ieh)

exp (—ieN) iy epd,, exp (ieN))

exp (—ieN)p(—m)wp exp (ieN)

Py (Bu) — ePyH (BN

P(=m)y

Py 8 — m)y — ey (9uN)
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The Lagrangian Gauge invariance

Gauge invariance

ey Autp(X)
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The Lagrangian Gauge invariance

Gauge invariance

67/_)’7”Au"/’(x)_
= eexp(—ieN)Py* (A + 0uN)p exp (iel)
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The Lagrangian Gauge invariance

Gauge invariance

67/_)’7”Au"/’(x)_
eexp (—ieN)YyH (Au + OuN)ib exp (iel)
ey (Au + OuN\)p
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Gauge invariance

The Lagrangian Gauge invariance

67/_)’7”Au"/’(x)_

eexp (—ieN)YyH (Au + OuN)ib exp (iel)
oYy (Au + OuN)Y

epyH ALY
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Gauge invariance

The Lagrangian Gauge invariance

67/_)’7”Au"/’(x)_

eexp (—ieN)YyH (Au + OuN)ib exp (iel)
Yy (Au + OuN)Y

eyt Aut) + eyt (0 Ny
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The Lagrangian Gauge invariance

Gauge invariance

67/_)’7”Au"/’(x)_
= eexp (—ieN)pyH (A + OuN) exp (iel)
= ey (Au + OuhY
= ey ALY + ey H (OuN)

® |nteraction term combined with fermion field (—iev,Zy“aMAzp) ok
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The Lagrangian Gauge invariance

Gauge invariance

67/_)’7”Au"/’(x)_
= eexp (—ieN)pyH (A + OuN) exp (iel)
= ey (Au + OuhY
= ey ALY + ey (DN

® |nteraction term combined with fermion field (-ie%uau/\zp) ok

® gauge invariance of the fermion field cries for the introduction of a gauge boson!
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Spinors Free plane wave solution

Free plane wave solution

Solutions to the Dirac equation

The free-particle plane wave solution is the most natural solution to the Dirac equation
H(x) = u(E, p)eP—5

u(E, p) being a four-component Dirac spinor.
The overall wavefunction must satisfy the Dirac equation

(iv"8, — myip = 0

From the form of this solution and of the Dirac equation, the Dirac Spinor should satisfy

(v —myu=0
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Spinors Free plane wave solution

Free plane wave solution

o
Negative energy solutions are back

If we look at those solutions at rest, we get
Y(E,0) = u(E,0)e "

That reduces to the Spinor equation E4%u = mu that can be expressed as

1 0 0 0 Uy Uy
0 1 0 0 Us _ Us
El o o -1 o v |=™] u
0 0 0 —1 Ug Ug

Out of the four orthogonal solutions, 2 have positive energies (E = m) and two have negative ones
(E = —m). Hence, we did not resolve the energy solution problem !

It can be shown that those states are also eigenstates of the S, operator, two representing spin-up
and two spin-down solutions.

v
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Spinors Stiickelberg - Feynman

Stiickelberg - Feynman

Stiickelberg - Feynman

The negative energy solutions are interpreted as particles
propagating backwards in time.

They correspond to positive energy anti-particle propagating
forwards in time.
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Spinors Stckelberg - Feynman

Stiickelberg - Feynman

s
e

Anti-particle spinors

The wavefunction of the particle (its exponential part e~/#) is unchanged under the simultaneous
transformation of energy and time E — —E, t — —t.

Instead of working with negative energy solutions moving backwards in time uz and uy, it is simpler
to change the definition and work with spinors for anti-particles moving forward in time, v4 and vs,
reversing the sign of E and p :

vi(E, p)e—PX—E) — y,(—E, —p)ell-px—(~E1)]
Vo(E, p)e—PX—E) — yy(—E, —p)ell-Px—(~E1)]
which comes originally from identifying the anti-particle spinors as
(x) = v(E, p)e~(PX—E)

where the exponent sign as been reversed. Once more we have two negative energy anti-particle
solutions : v3 and v4. We could work either with particle spinors (u;) or anti-particle spinors (v;).

We prefer sometimes to mix particles and anti-particles to have only positive energy solutions to
the Dirac equations.

F. Machefert (Cours Master 2 -X -PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 49/94



Spinors Stckelberg - Feynman

Stiickelberg - Feynman

Charge conjugaison and Dirac equation
The Dirac equation for electrons, incorporating the interaction (minimal substitution) is

V(O — ieAu) + immp = 0
Let’s try to get the equation for a positron. First we multiply on the left by —i~? the complex
conjugate:
—iV? (V)" (B + ieA ) — mPy* =0
which becomes using ~ relations
V(B + i8AL)INP* + imiyPyp* =0
Defining ¢/ as v’ = ir?1*, the Dirac equation becomes

V(O + ieAL) Y + imp’ =0

v

We obtained the Dirac equation for a positron if we identify it with ¢/ = Cy = iv24, € being then
the charge conjugaison operator.

NB:n®* =70, y1% =1, 2 = 92, 7% = 18 and 7271+ = k42
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Spinors Stckelberg - Feynman

Stiickelberg - Feynman

C effect on the spinors

- |

From the Dirac equation, the vy, for example, can be found: u;(E,p) = VE +m P and
+m
Px+Ipy
R E+m
applying C on uy, we get,
. * —i
0 0 0 —i 1 B
o, .| 0o 0o i o 0 —p;
iNur =i . vVE+m pz =vVE+m E+m
0o i 0 O E+m 0
_j Px+ipy
) el /e
0 0 v E+m 1
which can be identified as the solution v4 that we mentioned earlier.
v
o = uy elPx—Et) _(©) W = vy e~ iPx—E)
b= uzei(p.xfEt) _>(C) o = V2efi(p.X7Et)
.
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Time ordered perturbation theory

Time ordered perturbation theory

We suppose that two particles (a, b) interact and produce (c, d) in the final state with the
exchange of a particle x. This can be done with two time ordered pictures :

b d b_——— 4

The initial (i) and final (f) states are the same, but the intermediate (j) one is (b, c, x) or (a, X, d). )

Perturbation Theory

The transition matrix elements are in perturbation theory,

<HV|j><jIV|i> <d|Vlx+b><c+x|V]a>

Tab — =
f Ei— E (Ea+ Ep) — (Ec + Ex + Ep)

The matrix-element Vj; and Vj; are non-invariant and should be normalized by /[, 2Ex (k is the
index of the particles involved) in order to make it Lorentz invariant

Mascry =< ¢+ x|V|a> \/2Ea2Ec2E,

Remember that by changing the Lorentz frame, the volume contracts by a factor v = E/m. Hence,
the density increases by ~. The convention consists in normalizing the wave functions to 2E
particles/unit volume [ +"*v’dV = 2E, instead of [¢*ydV = 1 in NR-QM. Hence, ¢’ = v2E%.
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Time ordered perturbation theory

Time ordered perturbation theory

B4

The requirement that the matrix elements M,_.c1, are Lorentz invariant is a strong constraint on

their form. Let's take the example of the scalar coupling Ma—;c+y = ga. Hence,
Ja
<c+x|Via>= ——————
xIVI /2E-2E.2E,
Similarly
<d|V|x+b>= . —
V/2Ep2E42E,
where g, is the coupling of b with (x, d). T becomes
T‘?b_<d|V|x+b><C+x\V|a>_ 1 1 Ja0b
W (Ea+Ep)— (Ec+Ex+Ep)  2Ey /2E.2E,2E.2E, (Ea— Ec — Ey)

Getting back to the Lorentz invariant matrix elements expressed in terms of the properly normalized
wave-functions M2 = |/2E,2E,2E-2E,T2° so that

1 9a0b
ab _ ' a
Mi” = 2E, (Ea— E; — Ey)
; i ba _ _1 gag,
The second diagram would give M2 = 2E, (Eb+db*5x)
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Time ordered perturbation theory

Time ordered perturbation theory

)

Sum of the amplitudes
Mg = M2 + Mmb2

gives

My

_ 9a0p 1 - 1 ) _ gagb
2E, \Ep— Eq — Ex Ea— Ec — Ey (Ea— Ec)? — E>2<

considering that E, — Eg = E¢ — Ea.
Indeed, px = (P — Pa) = —(Pa — Pc) so that E>2< = pi + mi = (pa — pc)? — mi Hence,

_ 9adb _ 9agb
(Ea— Ec)? — (Pa — pc)? — mi (Pa —Pc)? — mi

My

Finally, using the expression of the four-momentum of the exchanged particle x as q = pa — pe,

The gagp is related to the interaction vertices, and the term ﬁ is the propagator.
X
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Dirac equation and spin Dirac vs Schrodinger

Dirac vs Schrédinger

Schrédinger

The Hamiltonian of the free-particle Schrodinger equation has the form Hg = gz—m and commutes

with the angular momentum operator L = # x p. As 99 = j < 4|[H, O]|¢ >, angular momentum is

a conserved quantity in non-relativistic quantum mechanics.

Dirac

| A

The free particle Hamiltonian is Hp = a.p + 8m. The commutator [Hp, L] = [a.p, ? x p] can be
determined to be o

[Ap, 1] = —ia x p
Hence, the orbital angular momentum does not commute with the Dirac Hamiltonian and it is not a
conserved quantity.

g

The same exercise on the intrinsic momentum (spin) & = 1/25 =1/2 ( 0

u ) leads to
g

[Ap, 8] = ia x p

Hence, & does not commute either and does not correspond to a conserved quantity.
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Dirac equation and spin Dirac vs Schrodinger

Dirac vs Schrédinger

Dirac

But, it is easy to see that o
[Ap,J] =0

<
Il
~
L
Uy

The total angular momentum is conserved.

| A\

Spin of the Dirac particles
Moreover, applying 52 on a Dirac Spinor gives 52 = s(s + 1)y¥ = 3/4%¢ The particle solutions of
the Dirac equation have an intrinsic angular momentum

s=1/2

F. Machefert (Cours Master 2 -X -PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 56/94



Dirac equation and spin Helicity vs chirality

Helicity vs chirality
E:d

Why the helicity ?

Let’s project the spin on the particle along its direction of propagation and normalize by the
momentum
po SP

P
Taking a four-component Dirac spinor, one gets

=22 _vem (% 5)

v

Helicity and Dirac Hamiltonian eigentstates

From the form of the Dirac Hamiltonian, it can be shown that
[Fip, %.p] = 0

Hence, we can find a basis of the spinors which are eigenstates of the Dirac Hamiltonian and of
the helicity operators. For spin-half particles, we get left-handed and right-handed helicity states.
However, the helicity is not Lorentz invariant and the helicity states should not be confused with the
Chirality states (eigenstates of the ~° matrix). The two notions overlap when E >> m.

v
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The Feynman Rules

Internal lines and vertex

External lines

initial state electron
initial state positron
initial state photon
final state electron
final state positron
final state photon

u H _"gp,u
Vgg; v!rtual photon T
oH virtual electron L= s
u(p) interaction

v(p) (vertex) ieyH

eH*

Matrix element

I
M =3 TaT]
fi

Sum over final state, average over initial state

F. Machefert (Cours Master 2 —X —PHE)
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Example of processes Moeller Scattering

Moeller Scattering

—e e

Moeller Scattering e e

&

® Simplest diagram with initial and final state of two electrons

e e
e (p1)e” (P2) — e~ (P3)e™ (Pa) e (pP1)e” (P2) — e (Pa)e™ (P3)
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Example of processes Moeller Scattering

Moeller Scattering

—e e

Moeller Scattering e e

&

5%

® Simplest diagram with initial and final state of two electrons

® conserve electric charge and momentum at each vertex

e e
e (p1)e” (P2) — e~ (P3)e™ (Pa) e (pP1)e” (P2) — e (Pa)e™ (P3)

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 59/94



Example of processes Moeller Scattering

Moeller Scattering

Moeller Scatteringe e~ — e e~

&

5%

® Simplest diagram with initial and final state of two electrons
® conserve electric charge and momentum at each vertex
e tchannelonly: C(e™ +e¢7) = —-2e# C(y) =0

t

f t
e (p1)e” (P2) — e~ (P3)e™ (Pa) e (pP1)e” (P2) — e (Pa)e™ (P3)
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Example of processes Moeller Scattering

Moeller Scattering

Moeller Scatteringe e~ — e e~

&

® Simplest diagram with initial and final state of two electrons

® conserve electric charge and momentum at each vertex

e tchannelonly: C(e™ +e¢7) = —-2e# C(y) =0

® p conservation at each vertex — 2 diagrams g, = p2 — P3 # P2 — Pa

t t
e (p1)e” (P2) — e~ (P3)e™ (Pa) e (pP1)e” (P2) — e (Pa)e™ (P3)
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Example of processes Moeller Scattering

Moeller Scattering

=

@

® Fermion arrow tip to end
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Example of processes Moeller Scattering

Moeller Scattering

=

@

® Fermion arrow tip to end

Ti = [ U(pa) u(p3)
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Example of processes Moeller Scattering

Moeller Scattering

=

@

® Fermion arrow tip to end
® |nteraction

Ti = [ U(pa) u(p3)
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Moeller Scattering

Example of processes

Moeller Scattering
2

® Fermion arrow tip to end
® |nteraction

Ti = [ Upa)(—iev*) U(p3)(—iev”)

September 2024 60/94
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Example of processes Moeller Scattering

Moeller Scattering
2

® Fermion arrow tip to end
® |nteraction

U(p3)(—iey”)u(pz2)

Ti = [ U(pa)(—iev*)u(p1)
]

September 2024 60/94
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Example of processes Moeller Scattering

Moeller Scattering
2

® Fermion arrow tip to end

® |nteraction
® propagator (internal line)

U(p3)(—iey”)u(pz2)

Ti = [ U(pa)(—iev*)u(p1)
]

September 2024 60/94

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique



Example of processes Moeller Scattering

Moeller Scattering
1
® Fermion arrow tip to end
® Interaction
® propagator (internal line)
i = | D(P4)(—iev“)U(p1)(_fz”")U(pa)(—iev”)U(pz)
]
60/94
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Example of processes Moeller Scattering

Moeller Scattering

Fermion arrow tip to end
Interaction

propagator (internal line)
second graph p3 <> ps

Ti = [ O(pa)(—iev*)u(pr)(—%2)u(ps)(—iey”)u(p2)
]
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Example of processes Moeller Scattering

Moeller Scattering

Fermion arrow tip to end
Interaction

propagator (internal line)
second graph ps <> psa

Ti = [ O(pa)(—iev")u(pr)(—%2)u(ps)(—ier”)u(p2)

—i9pc

U(p3)(—iev?)u(p1)(—F=)u(Pa)(—iev”)u(p2)]
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Example of processes Moeller Scattering

Moeller Scattering

Fermion arrow tip to end
Interaction

propagator (internal line)
second graph ps <> psa

graphs fermion permutation: —

Ti = [ O(pa)(—iev*)u(pr)( =%~ )u(ps)(—ier”)u(p2)

—i9pc

U(p3)(—iev?)u(p1)(—F=)u(Pa)(—iev”)u(p2)]
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Example of processes Moeller Scattering

Moeller Scattering

Fermion arrow tip to end
Interaction

propagator (internal line)
second graph ps <> psa

graphs fermion permutation: —

Ti = [ O(pa)(—iev*)u(pr)( =%~ )u(ps)(—ier”)u(p2)
~ U(ps)(~ier?)u(pr)(=gE= )U(Pa)(~iev”)u(p2)]
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Example of processes Moeller Scattering

Moeller Scattering

Fermion arrow tip to end
Interaction

propagator (internal line)
second graph ps <> psa

graphs fermion permutation: —
k= f(p;)

Ti = [ Upa)(—iev*)u(p1)(—z=)u(p3)(—iev”)u(p2)

—i9pc

= U(p3)(—iev”)u(P1)(—z=)u(Pa)(—iev”)u(p2)]

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 60/94



Example of processes Moeller Scattering

Moeller Scattering

Fermion arrow tip to end
Interaction

propagator (internal line)
second graph p3 < pa

graphs fermion permutation: —
k= f(pi)

Ti = [ G(pa)(—iev*)u(pr)( g5 252 ) E(ps)(—iex” ) u(P2)

—igpo

— BPs)(—ier”)u(P1) (15 25 )T(Pa) (—Ter” Ju(p2)]
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Example of processes Moeller Scattering

Moeller Scattering

o=l U(p4)(—iev“)U(p1)((p:?;j,z)D(pa)(—iev”)U(pz)
— Upa)(—Ter”)u(Py)( (5, 2575 ) T(Pa) (—iey? )u(P2)]
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Moeller Scattering

F. Machefert (Cours Master 2 —X —PHE)

Example of processes Moeller Scattering

—iguy

B(Pa) (— 07" )u(P1) (5, 22 )T(Pa) (i u(P2)
6(Pa)(—i077)u(P1)( oy 22552 ) 0(Pa) (— i) u(Po)
)
)

u(P1)(G, gf; 72 )U(P3)y” u(p2)
)U(pa)v7 u(p2)]

u(pa)y*

u(p3 )y ulP1)( 5, 552 ps o

61/94
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Example of processes Moeller Scattering

Moeller Scattering

T = Upa)(—iey)u(Pr) (27 )U(Pa)(—iey” )u(p2)

= U(p3)(—iev”)u(p1)( p:g;?z) (Pa)(—iev”)u(p2)]

)

)
= &0 Upa* (p1)((pgf; 72)0(P3)~" u(P2)
= Uu(ps)r ulp1)(y ps B —pr2)U(Pa)77 u(P2)]

MP = S TaT)
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Moeller Scattering

it o= 1l
= e2[

IME = 3
= %Zﬁ

F. Machefert (Cours Master 2 —-X —PHE)

Example of processes Moeller Scattering

u(pa)(— ’Wu)u(p‘)( (Pa—p1)?

(P3—p1)?
)u(p3)y” u(p2)
)U(pa)v7 u(p2)]

a(Pa)r* u(P1)( ,,gf; 7
U(Pa)y"u(P1) (G, %o

TiT]

Ps P)2

T T}

Advanced Particle Physics —Ecole Polytechnique

) O\ T(ps)(—iev” )u(pz)
U(Ps)(—iev* )u(P1)( o222 )T(Pa) (—iey” )u(P2)]
)yH
)

September 2024

61/94



Moeller Scattering

o=l
= €&

M2 = 3
= 1%

After a certain number of steps...

2 _
|M| - t2U2

F. Machefert (Cours Master 2 —-X —PHE)

647202

Example of processes Moeller Scattering

—iguy
(Pa—p1)?

U(Pa)(— v )u(P1) (5 222 )T(Ps) (—iex* ) u(Pa)
e YT(Pa) (~ier” ) u(P2)]

)u(p3)y” u(p2)
)U(pa)v7 u(p2)]

G
(Ps 4, P )&

U(Pa)y"u(P1)(¢
U(Pa)y”u(P1)(;
TiT)

)
U(p3)(—iev?)u(p1)(

ol

)

Ps P)2

T T}

[(s — 2m?)?(£2 + u?) + ut(—4mPs + 12m* + ut))]

September 2024

61/94
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Example of processes Moeller Scattering

Moeller Scattering

0 <0 < w/2 (electrons)

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 62/94



Example of processes Moeller Scattering

Moeller Scattering

=

@

0 <0 < /2 (electrons) me = 0
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Example of processes Moeller Scattering

Moeller Scattering

b1
ARV
a 6472s
0 <0 < /2 (electrons) me = 0
2
& = SRR+ ?)+ P

2 2 2
= SlE+5%+1]

S tu
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Example of processes Moeller Scattering

Moeller Scattering

do s 1
a =~ M eas
0 <0 < /2 (electrons) me = 0
t = —2pip3 = —2(v/5/2v/5/2 — 8/4cos0) = —s/2(1 — cos b))
2
& = Szl +?)+ P

2 2 2
= fiErden
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Example of processes Moeller Scattering

Moeller Scattering

do 1
a0 = MF i
0 <0 < /2 (electrons) me = 0
t = —2pip3 = —2(v/5/2v/5/2 — 8/4cos0) = —s/2(1 — cos b))
U = —2p1ps = —2(s/4 — P1Ps) = —2(s/4 + P1P3)
do = P[RR+ W?) + 2P
= SR
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Moeller Scattering

Example of processes Moeller Scattering

do s 1
E"M | 64n2s

0 <0 < /2 (electrons) me = 0

t

u

do
dQ

—2p1p3 = —2(1/S/2/5/2 — s/4cosf) = —s/2(1 — cos 0)
—2p1ps = —2(s/4 — P1Pa) = —2(s/4 + P1Ps3)
—2(s/4+5/4cosf) = —5/2(1 + cos )

o® 12(2 + 1B) + 12

st2u?
2 2 2
a? s s
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Moeller Scattering

Example of processes Moeller Scattering

do s 1
E"M | 64n2s

0 <0 < /2 (electrons) me = 0

t

u

do
dQ

—2p1p3 = —2(1/S/2/5/2 — s/4cosf) = —s/2(1 — cos 0)
—2p1ps = —2(s/4 — P1Pa) = —2(s/4 + P1Ps3)
—2(s/4+5/4cosf) = —5/2(1 + cos )

o® 12(2 + 1B) + 12

st2u?

2 2 2

a? s s
Slete 1

a? (8+cos? 0)?
s sind 0
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Moeller Scattering

Example of processes Moeller Scattering

do s 1
E"M | 64n2s

0 <0 < /2 (electrons) me = 0

t

u

do
dQ

—2p1p3 = —2(1/S/2/5/2 — s/4cosf) = —s/2(1 — cos 0)
—2p1ps = —2(s/4 — P1Pa) = —2(s/4 + P1Ps3)
—2(s/4+5/4cosf) = —5/2(1 + cos )

o® 12(2 + 1B) + 12

st2u?

2 2 2

a? s s
Slete 1

a? (8+cos? 0)?
s sind 0

sg—;’z is scale invariant: measure of the pointlikeness of a particle
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Example of processes Moeller Scattering

Moeller Scattering

i
. T T T T T T T
2
3 =
g a0 Detector Boundary B
) S /(Symmemc About ¢ =0)
8 ! ek T
S S A s N __ 1
. / k|
§ | Fiduciol Boundary:
s \ FIG. 2. Detector boundary
< aof ! v and fiduelal boundaries.
& I \
LEGEND HE i
NO.I THRU 14 = SCINTILLATOR £ ol 1 VoA
No.(D) 8 (B) = SHOWER CHAMBERS < l |
NO.(2) 8 (5)+ 4 GAP CHAMBERS ! " | . I 1 !
£ s H
N0.(3) 8 (4)=6 GAP CHAMBERS % 5660 7680 EJ 00 N6 120

Scattering  Angle, 6 (Degrees)

® |imited detector acceptance
- o differential cross section measurement and
prediction

FIG. L. Storage-riag interaction rogion and doteotor system for 556-Me/eleotzon scattoring exporiment

® Stanford-Princeton Storage ring
® 2¢~ beams /s = 556MeV
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Example of processes Moeller Scattering

Moeller Scattering

]

1400 — . ey i i ® Typical tchannel 8 =0 — do/dQ2 — c0
L 3 Error Bars on 4
s e ™ btas * Extremely good agreement between the
1200 - 7217 Events 1 measurement and the theory prediction
- # Wheorslical inredicnon A e ¢—e~ colliders discontinued (1971)
1000 ) for K=0.054 (GeV/e) ©
L (Background Shown
Below Has Been Added
8OO - to These Points) =l
- L _
2 600} : \Q <
5 | \:'\ |
. 400+ E
2 ;Ln!, %
5 T -Eare -
2 200}
0 1 1 1 1 1 | ! Il
Background Distribution
20f 3 [k ]
it 3
e i s ¢ 3
Ol ola o185 ¥, ) L L L dt

40 50 60 70 80 90 100 110
Polar Angle, 8 (Degrees)
FIG. 3. Comparison of experimental result with Mgller
scattering modified by radiative corrections, Because

the detector geometry is included, the theoretical curve
is not symmetric about 90°,
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Example of processes Bhabha

Bhabha

The Bhabha Process

&

Homi Bhabha studied in the 1930s in Great Britain, worked in India afterwards

do 0472(3—|—c0520)2
aQ  16s  sin* 2

0O
e tchannel: ~ sin=4(6/2)

® schannel: ~ 1+ cos? 6
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Example of processes Bhabha

=

@

e PETRA eTe™ collider
V3 < 35GeV
® JADE, TASSO, CELLO
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O (1cosBl=0.76) nb

ete”se'e”

10 20 30 0
VS (GeV)

F. Machefert (Cours Master 2 —X —PHE)

Example of processes Bhabha

PETRA ete™ collider
V3 < 35GeV

® JADE, TASSO, CELLO
® total cross section

Advanced Particle Physics —Ecole Polytechnique

September 2024 66/94



Example of processes Bhabha

- JADE ® PETRA ete™ collider
eenee eeete v/ < 35GeV
#V/S=160 Gev
A ey * JADE, TASSO, CELLO
'10? 100 #VE=346 GeV ® total cross section
2 s H] o differential cross section
—_ w
g : 5%
5 10"
1
a b w
10 20 30 L0
V8 (GeV) cosB
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Example of processes Bhabha

Bhabha
P ® Excellent agreement with QED
gen e ® Errors reflect statistics
® QED deviation : s/A? < 5% with s = 352GeV?
e ® — (he)/A = (0.197GeV - fm)/A = 0.13 - 10~3fm
e N=[Ldt-o
g ® Today Bhabha is a luminosity measurement
3
2
[ek:]
C gl o+ . —
-08 -04 0.0 04 08
cosB
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Acceleration and Detection Acceleration

Acceleration

Electrical field Magnetic field

® acceleration ® no acceleration
® charge times potential difference e B field unit: [B] = %
® typical unit: eV e force on charged particle in

magnetic field:
F=qgVxB= g2B

® centrifugal force:
F=mv?/r=p?/(m-r)

®* R = p/(qBc) (c because of
natural units)
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Acceleration and Detection Acceleration

Acceleration

@

Acceleratio

F. Machefert (Cours Master 2 Adv:
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Acceleration and Detection Acceleration

Acceleration

Acceleration

® strong fields difficult to achieve
(breakdown)
® accelerate successively
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Acceleration and Detection Acceleration

Acceleration

Acceleration
® strong fields difficult to achieve
(breakdown)

® accelerate successively
® linear assembly: distance between

potential diffs must increase

September 2024 69/94
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Acceleration and Detection Acceleration

Acceleration

Acceleration

® strong fields difficult to achieve
(breakdown)

® accelerate successively

® linear assembly: distance between
potential diffs must increase

® circular assembly: several rotations
possible

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 69/94



Acceleration and Detection Acceleration

Acceleration

Acceleration Phase focussing

® particle sees nominal (not maximal)
field

® strong fields difficult to achieve

(breakdown)
® accelerate successively ® early particle: less field, less
® linear assembly: distance between acceleration

potential diffs must increase ® |ate particle: more field, stronger
® circular assembly: several rotations acceleration

possible

Zeit
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Acceleration and Detection Acceleration

Acceleration

Lepton collider cavities

e circular tunnel 28km circumference ® LEP: up to 10MV/m
® electron+positron: 210GeV e |LC: 35-40 MV/m
® weak field ° ;
O S AT supraconducting (Tye) )

® energy loss per turn: 6GeV (~ E*/R)

T ensaaor
e strong field 10T Magnetic field LHC

® energy loss per turn: 500keV
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Acceleration and Detection Acceleration

Acceleration

Lepton collider cavities

e circular tunnel 28km circumference ® LEP: up to 10MV/m
® electron+positron: 210GeV e |LC: 35-40 MV/m
® weak field ° ;
O S AT supraconducting (Tye) )

® energy loss per turn: 6GeV (~ E*/R)

T ensaaor
e strong field 10T Magnetic field LHC

® energy loss per turn: 500keV

R _ 7000GeV
0.3-109m/s-10T-1e
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Acceleration and Detection Acceleration

Acceleration

Lepton collider cavities

e circular tunnel 28km circumference ® LEP: up to 10MV/m
® electron+positron: 210GeV e |LC: 35-40 MV/m
® weak field ° ;
O S AT supraconducting (Tye) )

® energy loss per turn: 6GeV (~ E*/R)

T ensaaor
e strong field 10T Magnetic field LHC

® energy loss per turn: 500keV

R _ 7000GeV
0.3-109m/s-10T-1e
7000GeV
0.3-109m/s-10Vs/m2-10—9Ge
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Acceleration and Detection Acceleration

Acceleration

Lepton collider cavities

e circular tunnel 28km circumference ® LEP: up to 10MV/m
® electron+positron: 210GeV e |LC: 35-40 MV/m
® weak field ° ;
O S AT supraconducting (Tye) )

® energy loss per turn: 6GeV (~ E*/R)

T ensaaor
e strong field 10T Magnetic field LHC

® energy loss per turn: 500keV

R _ 7000GeV
0.3-109m/s-10T-1e
7000GeV
0.3-109m/s-10Vs/m2-10—9Ge

~ 2km
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Acceleration and Detection Acceleration

Acceleration

Lepton collider cavities

e circular tunnel 28km circumference ® LEP: up to 10MV/m
® electron+positron: 210GeV ® |LC: 35-40 MV/m
® weak field e supraconducting (Te)

v

® strong cavities
® energy loss per turn: 6GeV (~ E*/R)

T ensaaor
e strong field 10T Magnetic field LHC

® energy loss per turn: 500keV

R _ 7000GeV
~  0.3-109m/s-10T-1e
_ 7000GeV
0.3-109m/s-10Vs/m2-10—9Ge
2km
Rirye ~ 4.5km
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Acceleration and Detection

Acceleration

Instantaneous Luminosity
L ~

Acceleration

nqn:
o
N2k fyF
L 47r[e),3*
(10'1)2.2800-40MHz-~ F
& A5um-B*
LHC: 103*cm—2s~1 )
Integrated Luminosity
N = /Ldt o

LHC: 25fb—" per experiment )

F. Machefert (Cours Master 2 —-X —PHE)

Linac  Booster

50 1.4

MeV  GeV
6.5 TeV per beam

Advanced Particle Physics —Ecole Polytechnique
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W:\
PS  SPS
25 450
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Acceleration and Detection Acceleration

Acceleration

® linear: no synchrotron radiation f
e 40km
e polarization Unadate
® |uminosity

® 250GeV to 1TeV (3TeV: CLIC)

11.3Km + ~1.25 Km

Service Tunnel

Keep-alive or
StandAlone [f e~ Extraction
rce || &€ Injection

¢ ~31 Km

~4.45 Km
e‘DR-ﬁYKm

&* Extraction
 &e- Injection

Advanced Particle Physics —Ecole Polytechnique September 2024
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Acceleration and Detection Detection

Detection

=

@

Detection at high energies

® a+ b — X — neutral + charged
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Detection

Acceleration and Detection

Detection
-1

Detection at high energies

® a+ b — X — neutral + charged
® particles long-lived wrt detector volume
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Detection

Acceleration and Detection

Detection
-1

Detection at high energies

® a+ b — X — neutral + charged
® particles long-lived wrt detector volume

® Tracker: charged particle momenta
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Acceleration and Detection Detection

Detection

Detection at high energies

a+ b — X — neutral + charged
particles long-lived wrt detector volume
Tracker: charged particle momenta
Calorimeter: neutral and charged
particles
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Detection

Detection at high energies

a+ b — X — neutral + charged
particles long-lived wrt detector volume
Tracker: charged particle momenta
Calorimeter: neutral and charged
particles
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Acceleration and Detection Detection

Detection

Detection at high energies

a+ b — X — neutral + charged ® measure points in B-field
particles long-lived wrt detector volume

Tracker: charged particle momenta

Calorimeter: neutral and charged

particles

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 73/94



Acceleration and Detection Detection

Detection

Detection at high energies

a+ b — X — neutral + charged ® measure points in B-field
particles long-lived wrt detector volume ® reconstruct sagitta
Tracker: charged particle momenta

Calorimeter: neutral and charged

particles
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Acceleration and Detection Detection

Detection

Detection at high energies

® a+ b — X — neutral + charged ® measure points in B-field
® particles long-lived wrt detector volume ® reconstruct sagitta
® Tracker: charged particle momenta ® highest precision: silicon (dense,
® Calorimeter: neutral and charged ~ 15um)
particles
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Acceleration and Detection Detection

Detection

Detection at high energies

® a+ b — X — neutral + charged ® measure points in B-field
® particles long-lived wrt detector volume ® reconstruct sagitta
® Tracker: charged particle momenta ® highest precision: silicon (dense,
® Calorimeter: neutral and charged ~ 15um)
particles ® |ower precision: TPC (gazeous)
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Acceleration and Detection Detection

Detection

® a+ b — X — neutral + charged ® measure points in B-field
® particles long-lived wrt detector volume ® reconstruct sagitta
® Tracker: charged particle momenta ® highest precision: silicon (dense,
® Calorimeter: neutral and charged ~ 15um)
particles ® |ower precision: TPC (gazeous)

Electromagnetic calorimeter
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Acceleration and Detection Detection

Detection

® a+ b — X — neutral + charged ® measure points in B-field
® particles long-lived wrt detector volume ® reconstruct sagitta
® Tracker: charged particle momenta ® highest precision: silicon (dense,
® Calorimeter: neutral and charged ~ 15um)
particles ® |ower precision: TPC (gazeous)

Electromagnetic calorimeter

*et+tA—se+y+A
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Acceleration and Detection Detection

Detection

® a+ b — X — neutral + charged ® measure points in B-field
® particles long-lived wrt detector volume ® reconstruct sagitta
® Tracker: charged particle momenta ® highest precision: silicon (dense,
® Calorimeter: neutral and charged ~ 15um)
particles ® |ower precision: TPC (gazeous)

Electromagnetic calorimeter

*et+tA—se+y+A
° v — efe etc
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Acceleration and Detection Detection

Detection

® a+ b — X — neutral + charged ® measure points in B-field
® particles long-lived wrt detector volume ® reconstruct sagitta
® Tracker: charged particle momenta ® highest precision: silicon (dense,
® Calorimeter: neutral and charged ~ 15um)
particles ® |ower precision: TPC (gazeous)

Electromagnetic calorimeter

*et+tA—se+y+A
° v — efe etc
® shower
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Acceleration and Detection Detection

Detection

=

&

Experimental Challenges

® bunches every 8m

® 25ns between crossings (fast readout)
order 20 interactions per crossing

trigger: 40MHz to 200Hz

alignment

| ]

| s .

| . TN, e calibration
L |,’// i ‘.Inmimncmr

! \
Solenaid mognat | Terrbbion st racker
Semiccnducios octar

W
Heson charmbers

® Silicon tracking (100M channels 2T)
® Calorimeter (100k)
® Muon chambers (toroid)
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Acceleration and Detection Detection

Detection

B
@
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Acceleration and Detection Detection

Detection

TR

Run Number Event Number: 24151616

Date: 21 15 16:52:58 CEST
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Acceleration and Detection Detection

Detection

A calorimeter tracker for the future?
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Muon pair production Introduction

Introduction

Reminder

* Remember the particle zoo < uL ) ( cL )

UR CR tR
dr SR br
erR MR TR
Y
g

wE,z°
H
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Reminder

® Remember the particle zoo
® yande
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Muon pair production Introduction

Introduction

Reminder

® Remember the particle zoo
® yande
® today: add p and

(o) Cu) ()

€R HR TR
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Muon pair production Introduction

Introduction
Reminder
b
® Remember the particle zoo
® vande
® today: add p and
Definition ( eL ) ( HL ) ( TL )
Charged Leptons: e, u, 7
Leptons: charged leptons plus neutrinos
Jargon: leptons as charged leptons
C€R MR TR
Y
Advanced Particle Physics —Ecole Polytechnique September 2024 78/94
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Muon pair production Introduction

Introduction

Muon properties

Properties of the n

mg = 0.105GeV pte™
T = (2197-107%)s PSI
ct = 659m
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Muon pair production Introduction

Introduction

Muon properties

b
Properties of the n Properties of the 7
mg = 0.105GeV pte™ mg = 1.777GeV ete™
T = (2.197-107%)s PSI T = (2.906-10719)s ete
cr = 659m cr = 87um
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Muon pair production Introduction

Introduction

Muon properties

3%

&

Properties of the n Properties of the 7
mg = 0.105GeV pte™ mg = 1.777GeV ete™
T = (2.197-107%)s PSI T = (2.906-10"19)s ete-
cr = 659m cr = 87um

B(p—ey) < 57-1071
B(r —ey) < 33-10°8

B(r—py) < 44-1078

CcL = 90%
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Muon pair production Introduction

Introduction

Muon properties

&

Properties of the p Properties of the

mg = 0.105GeV pte™ mg = 1.777GeV ete™
= (2197-106)s PSI = (2.906-10-13)s ete~
cr = 659m cr = 87um

Lepton numbers (additive QNs)

L L, L,

B(p—ey) < 57-1071
B(r —ey) < 33-10°8
B(r—py) < 44-1078
CcL = 90%
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mg = 0.105GeV pte™ mg = 1.777GeV ete™
= (2197-106)s PSI = (2.906-10-13)s ete~
cr = 659m cr = 87um

Lepton numbers (additive QNs)
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Muon pair production Introduction

Introduction

Muon properties

&

Properties of the p Properties of the

mg = 0.105GeV pte™ mg = 1.777GeV ete™
= (2197-106)s PSI = (2.906-10-13)s ete~
cr = 659m cr = 87um

Lepton numbers (additive QNs)

L L, Lr
e~ 1 0 0
et —1 0 0
B(p—ey) < 57-1071
B(r —ey) < 33-10°8
B(r—py) < 44-1078
CcL = 90%
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Muon pair production Introduction

Introduction

Muon properties

&

Properties of the p Properties of the

mg = 0.105GeV pte™ mg = 1.777GeV ete™
= (2197-106)s PSI = (2.906-10-13)s ete~
cr = 659m cr = 87um

Lepton numbers (additive QNs)

L L L
e~ 1 0 0
= 4 0 0
u o 1 o0
B(p—ey) < 57-10-13 wr 0 -1 0
B(r +ey) < 3.3-10°8 T oo ]
B(r = wy) < 44-10-8 T v =
cL —  90%
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Muon pair production Introduction

Introduction

Muon properties

Properties of the p Properties of the

mg = 0.105GeV pte™ mg = 1.777GeV ete™
= (2197-106)s PSI = (2.906-10-13)s ete~
cr = 659m cr = 87um

Lepton numbers (additive QNs)

L L, Lr

e~ 1 0 0

et —1 0 0

T 0 1 0

B(u—ey) < 57-10-1 pt 0 -1 0
B(r sey) < 3.3-10°8 T 8 8 ]
lé(LT =) < ‘9104:,/ 1078 r7;on — leptons 0 0 _0

= o
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Muon pair production Process calculation

Process calculation

e"(p2)e” (P1) = 1" (Pa)u™ (P3)

Transition Amplitude
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Muon pair production Process calculation

Process calculation

o lb=1-1=0=L}

e"(p2)e” (P1) = 1" (Pa)u™ (P3)

Transition Amplitude
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Muon pair production Process calculation

Process calculation

o L%:1_1:02Lf?
e L, =0=1-1=1L),

e"(p2)e” (P1) = 1" (Pa)u™ (P3)

Transition Amplitude
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Muon pair production Process calculation

Process calculation

o lhb=1-1=0=Lf
*L,=0=1-1=L]
® |nitial state

e"(p2)e” (P1) = 1" (Pa)u™ (P3)

Transition Amplitude
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Muon pair production Process calculation

Process calculation

o lhb=1-1=0=Lf
*L,=0=1-1=L]
® |nitial state
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Muon pair production Process calculation

Process calculation

o lhb=1-1=0=Lf
*L,=0=1-1 =L
® |nitial state
® Final state
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Muon pair production Process calculation

Process calculation

o lhb=1-1=0=Lf
*L,=0=1-1 =L
® |nitial state
® Final state

T [7(p2)(—iev*)u(p1) U(p3)(—iev”)v(pa)l
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Muon pair production Process calculation

Process calculation

2204 TizE
© ©

Initial state

Final state

Photon Propagator

U(p3)(—iev”)v(pa)l
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Muon pair production Process calculation

Process calculation

° L’ _1—1_0_Lf
o L’ :0_1—1_L’
° In|t|aI state

® Final state

[ ]

Photon Propagator

e"(p2)e” (P1) = 1" (Pa)u™ (P3)

Ty = H[W(p2)(—iey")u(p) —S U(ps)(—iev” ) V(Pa)]
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Muon pair production Process calculation

Process calculation

° L’ _1—1_0_Lf
o L’ :0_1—1_L’
° In|t|aI state

® Final state

[ ]

Photon Propagator

e"(p2)e” (P1) = 1" (Pa)u™ (P3)

Transition Amplitude

Ty = H[W(p2)(—iey")u(p) —S U(ps)(—iev” ) V(Pa)]

= e[V(p2)y"u(p1) 2 T(ps)y” v(pa)]
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Muon pair production Process calculation

Process calculation

° L’ _1—1_0_Lf
o L’ :0_1—1_L’
° In|t|aI state

® Final state

[ ]

Photon Propagator

e"(p2)e” (P1) = 1" (Pa)u™ (P3)

Transition Amplitude

T

I

T[7(p2)(—iev*)u(pr) = 9 U(ps)(—iev” ) v(Pa)]

= e[V(p2)y"u(p1) 2 T(ps)y” v(pa)]

= L[U(p2)y*u(P1)T(Pa)yuv(Pa)]

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 80/94



Muon pair production Process calculation

Process calculation

useful formula

Yo = guo?° = 0

Tk = guk7¥ = Ak

u = uly® = uly
(v)f = AP°

()t = GO =07 = P
PP = 1

Element matrix squared

[V(P2)7" u(P1)T(P3) 7. v(Pa)]'
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Muon pair production Process calculation

Process calculation

Useful Formula
Y = guovz = ;
Yk = GukY = =
u = uT'yO = UT'YO

[V(p2)7” u(p1)U(p3)vw v(pa)]'
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Muon pair production Process calculation

Process calculation

Useful Formula

Insert

[7(p2)7” u(p1)U(P3) v v(pa)]'
= [vi(p2)7°y” u(p1)ut (p3)v°y. v(pPa)lt
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Muon pair production Process calculation

Process calculation

Useful Formula

Insert

[7(p2)7” u(p1)U(P3) v v(pa)]'
= [vi(p2)7°y” u(p1)ut (p3)v°y. v(pPa)lt
= [vi(Pa) ()T ()T (uh) T (ps)ut (1) (v*) T (+°) T (vT) T (p2)]
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Muon pair production Process calculation

Process calculation

Useful Formula

Insert

[V(P2)y” u(P1)U(P3) v v(Pa)lt
= [vi(p2)y®y" u(p1)u’ (P3)7° v v(Pa)]T
= [VI(Pa)(7)T(O) (N (P3)ut (P1)(v*) ()T (vT) T (p2)]
= [VI(Pa)(7)T () Tu(pa)ut (P1)(v*) T (%) T v(p2)]
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Muon pair production Process calculation

Process calculation

Useful Formula
(vt AOytA0
()t G () = 8 (®7Y") = PP

y

[V(p2)7* u(P1)U(P3)Yw v(Pa)]’
= [vI(p2)7°" u(p1)u’ (P3)7° v v(pa)]T
= [vi(pPa)(3)T(x®) T (uP) T (Ra)ut (P1)(v*) T (VO) T (vT)T(P2)]
= [vi(pa)(3)T(v®) T u(P3)uf (P1)(v*) T (7°) T v(P2)]
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Muon pair production Process calculation

Process calculation

Useful Formula
(vt AOytA0
()t G () =00 (%% = AP

y

[V(p2)7* u(P1)U(P3)Yw v(Pa)]’
= [vI(p2)7°" u(p1)u’ (P3)7° v v(pa)]T
= [vi(pPa)(3)T(x®) T (uP) T (Ra)ut (P1)(v*) T (VO) T (vT)T(P2)]
= [vi(pa)(3)T(v®) T u(P3)uf (P1)(v*) T (7°) T v(P2)]

= [VI(Pa)7°1 70770~ u(ps)ut (P1)71°7*7°~07 %O v(p2)]
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Muon pair production Process calculation

Process calculation

14
.

Useful Formula
4040 —

Insert

[V(p2)7” u(P1)U(P3) v v(pa)]'
= [vI(p2)7%" u(p1)u’ (P3)7° 7 v(pa)l’
= [VI(Pa)(3)T(O) (N (p3)uf (p1)(v*) T ()T (v1)T (p2)]
= [VI(Pa)(3) () Tu(pa)ut (P1)(+*) T (%) T v(p2)]
= [vI(Pa)y®17%7%7%0u(pa)ut (P1)707" %7701 0v(p2)]
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Muon pair production Process calculation

Process calculation

Useful Formula
4040 —

[V(p2)7” u(P1)U(P3) v v(pa)]'
= [VI(P2)7°y" u(p1)ut (p3)7°vw v(pa)]t
= [vi(pa) (%) (0T (uh)(p3)ut (P1) ()T (¥0) T (vT)T (p2)]
= [vi(pa)(7)T(70)Tu(ps)ut (p1)(v*) T (%) T v(p2)]
0,0,0,0 v~0~0,0

= [vI(Pa)7°17°v%7°Cu(ps)ut (P1)7°v* 727 °+Ov(p2)]
= [vI(pa)y’ v u(ps)ut (P1)v°v" v(p2)]

14
.
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Muon pair production Process calculation

Process calculation

Useful Formula

Insert

[V(P2)y” u(P1)U(P3) v v(Pa)lt
= [vi(p2)y®y" u(p1)u’ (P3)7° v v(Pa)]T
= [VI(Pa)(7)T(O) (N (P3)ut (P1)(v*) ()T (vT) T (p2)]
= [VI(Pa)(7)T () Tu(pa)ut (P1)(v*) T (%) T v(p2)]

= [vI(pa)7%7 70700 u(ps)ut (P1)7°7* 701 0~O v(p2)]

= [vi(pa)y%v u(ps)ut (P1)v°v* v(p2)]
= [v(pa)vou(p3)u(p1)y” v(p2)]
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Muon pair production Process calculation

Process calculation

Matrix Element

M2 = %E[Va(pz)”Y:bUb(M)Uc(ps)’Y;;,chd(P4)]
[Ve(Pa)vvertr(P3)lg(P1) g, Va(P2)]
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Muon pair production Process calculation

Process calculation

Matrix Element

MR = & S Ta(P2)r’ Us(P1)Te(P3)pca Va(Pa)]
(Ve (Pa) Yo erUs (P3)To (P1)7, Vi (P2)]

= S Vh(P2)Ta(P2) L U (P1) T (P1),
Ur(P3)Uc(P3)Vuca Va (Pa) Ve(Pa) vy ef
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Muon pair production Process calculation

Process calculation

Zf Mf[ = Tr(M)
4 _ _
IMPZ = &5 S[Va(P2)vl, b (P1)Uc(P3)Vuca Ve (Pa)]

[Ve(Pa)vvertr(P3)lg(P1) g, Vh(P2)]

= & S Vh(P2)ValP2) v Us(P1) T (P1)L,
Ur(P3)Uc(P3)YucaVd(Pa) Ve(Pa)vver
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Muon pair production Process calculation

Process calculation

My = Tr(M)

Matrix Element

MR = & S [a(P2)r Us (P1)Te(Pa)vyca Ve (Pa)]
[Ve(Pa)vvertr(P3)Tg(P1) g, Vh(P2)]

& Vi(P2) Va(P2) s s (P1) To (1),
Ur(P3)Uc(P3)YucaVd(Pa) Ve(Pa)vver

= & S TH(v(P2) V(P2)y* u(P1)U(P1)7")
Tr(u(p3)u(p3)yu.v(Pa)V(Pa)ve)
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Muon pair production Process calculation

Process calculation

Formula

Espin o = Zspin vW=p =p.y”
.
4 e _
IMPZ = &5 S[Va(P2)vl, Ub(P1)Tc(P3)Vuca Ve (Pa)]

[Ve(Pa)vuertr(P3)Ug(P1)g, Va(P2)]

= S vi(P2)Ta(P2) Y Us (P1) Do (P1)Y,
Ur(P3)Uc(P3)Ypucd Va(Pa) Ve(Pa) vy er

= & T (v(P2) V(P2)y u(P1)TU(P1)7")
Tr(u(p3)u(pPa)v.v(Pa)V(Pa)yy)
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Muon pair production Process calculation

Process calculation

Formula

Espin o = Zspin vW=p =p.y”
.
4 e _
IMPZ = &5 S[Va(P2)vl, Ub(P1)Tc(P3)Vuca Ve (Pa)]

[Ve(Pa)vuertr(P3)Ug(P1)g, Va(P2)]

= S vi(P2)Ta(P2) Y Us (P1) Do (P1)Y,
Ur(P3)Uc(P3)Ypucd Va(Pa) Ve(Pa) vy er

= & T (v(P2) V(P2)y u(P1)TU(P1)7")
Tr(u(p3)u(pPa)v.v(Pa)V(Pa)yy)

= ST B1v) T B3 Par)
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Muon pair production Process calculation

Process calculation

\é’

Formula
Tr(y*vPy7y%) = 4(g*Pgr® 4 g*°ghr — g>7gP?d)
4 - —
M = &5 S[Va(P2)vl, b (P1)Tc(P3)Vuca Ve (Pa)]

[Ve(Pa)vvertr(P3)Tg(P1) g, Vh(P2)]

= & X vi(P2)Va(P2) v Us (P1) Do (P1)Y,
Ur(P3)Uc(P3)Ypucd Va(Pa) Ve(Pa) vy er

= & 2, T(V(p2)¥(P2)7" u(P1)TU(P1)7")
Tr(u(P3)U(P3)vuv(Pa)V(Pa)vn)

= (b B1v") T (b3 Paw)
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Muon pair production Process calculation

Process calculation

Tr(v*yPy79%) = 4(g*Pg" +9*°9" — g*7g”)
4 _ _
M = & SIVa(P2)75 Us(P1)To(Ps)uca Vo(Pa)]

[Ve(Pa)vvertr(P3)Tg(P1) g, Vh(P2)]

= & X vi(P2)Va(P2) v Us (P1) Do (P1)Y,
Ur(P3)Uc(P3)Ypucd Va(Pa) Ve(Pa) vy er

= & 2, T(V(p2)¥(P2)7" u(P1)TU(P1)7")
Tr(u(P3)U(P3)vuv(Pa)V(Pa)vn)

= (b B1v") T (b3 Paw)

= % [(p1pa)(P2P3) + (P1P3)(P2Pa)]
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Muon pair production Process calculation

Process calculation

Formula

(P1—P3)® = p1®+ps®—2pips

= —2p1p3

= —2(%%—%%&50)
(P1—Pa)® = —25(1+cosh)

Differential Cross section

| A\

d — 2_1
@ = M

= 232 [(P1P4)(P2P3) + (P1P3)(P2Pa)]
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Muon pair production Process calculation

Process calculation

Formula

(P1—P3)® = p1®+ps®—2pips

= —2p1p3

= —2(%%—%%&50)
(P1—Pa)® = —25(1+cosh)

Differential Cross section

| A\

1
@ = M2 s
= 55[(P1Pa)(P2P3) + (P1P3)(P2Pa)]
= 25%[2(1+c050)~§(1 + cos9)
+ $(1 —cosf) - (1 —cos)]
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Muon pair production Process calculation

Process calculation

Formula

(P1—P3)® = p1®+ps®—2pips

= —2p1p3

= —2(%%—%%&50)
(P1—Pa)® = —25(1+cosh)

Differential Cross section

| A\

P
55 [(P1Pa)(P2P3) + (P1P3)(P2Pa)]
= 25%[2(1 +cos0) - 3(1 + cosb)

(1 —cosf) - §(1 — cos b))

a8 2
Bz 1=(1 + cos6)? + 1s(1 — cos 6)?]

3

+
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Muon pair production Process calculation

Process calculation

Formula

(P1—P3)® = p1®+ps®—2pips

= —2p1p3

= —2(%%—%%&50)
(P1—Pa)® = —25(1+cosh)

Differential Cross section

I
| \,

d — 2_1
@ = M

4
5255 [(P1Pa)(P2P3) + (P1P3)(P2Pa)]
25%[2(1 +cos0) - 3(1 + cosb)

(1 —cosf) - §(1 — cos b))

2 2 2
% (1 + cos 0)? + 15(1— cos 6)?]
= G+ cos? 6]

+ 1l
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Muon pair production Interpretation and experiments

Interpretation and experiments

=
d /
d—g ~ (1 = cos8)? + (1 + cos )? e~ — — et
® Do the two terms have a particular ut
meaning?
® Only the spin can lead to an angular O(p—,e”) = 0
distribution that is not flat 1+cosf@ = 2 Probmax
]

Photon: Spin-1, mass zero — 2 dofs: 41

classical ED: 2 polarizations, no rest frame... / I
e~ - - et

0
0 Probmin

- D>
~
I =
o |
& o
> |
N
[l
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Muon pair production

Interpretation and experiments

ete '

JADE

2 T

[T T
V5 =344 GeV

0s -1

elen 2
s dQ(nb~GeV)

F. Machefert (Cours Master 2 —X —PHE)

Interpretation and experiments

120 — T T
ok N\ V5= h.8GeV R
A, A
8f 4
n P ]
6 N {/ - E
€ ]
20 I
P T R B R
) -05 00 05 1
cos &

JADE detector at PETRA

s - 92 scale invariant

low s — (1 + cos? 6)

higher s — asymmetry not QED

Advanced Particle Physics —Ecole Polytechnique

September 2024
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Muon pair production Interpretation and experiments

Interpretation and experiments

ete—=T 1" JADE S s e L A e e
o e e e . T T T R JADE 7]
r = o ete—auty
0P 154~ o eter »TT
N L — QED 4
N --- Standard Model |
8- 'j-‘
8- 4 10
A ui T Norm Error
2= . sk -
[ TR ST ST B [
-1 -05 00 05 1 PRI SIS EE I BRI RS
00 500 1000 1500 2000 2500
L B o e A < (Gev))

I N

e Small mass dependence at high /s
® |epton universality
® Agreement with QED

L=}

~
T T T T AT

NN NIRRT N

=}

N
'
=)
ur
o
o
o
w
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Anomalous magnetic moment The predictions

The predictions

Bohr

Current - Surface - ii

= ¢.x2.0
~7rr2-ﬁ

=
Il

- 27r$/v
= o= (mvr)i
= 2 ()
= pgén

ug = 5.8-107%V/T

Intrinsic magnetic moment:

Definition

g is the gyromagnetic ratio, ratio of the magnetic
dipole moment to the mechanical angular
moment
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Anomalous magnetic moment The predictions

The predictions

Bohr Dirac
i = Current- Surface - ii J = [+8
= forrA ~ Lils
= Zérr/v'wc'n I = %f)‘(’xf
= aymo ;= Cepw
= i(ﬁé)n o 1,07
_ am (flalfy  ~ (i)
~ 5% r0sewT = Z(ewin
1 : = 2(L+4h
Intrinsic magnetic moment: = *Te<f|L+gS|f)
fi=g ps-S §=1/2z

® The magnetic moment is anti-parallel with
Definition the Spin
® Dirac predicts g = 2!

g is the gyromagnetic ratio, ratio of the magnetic
dipole moment to the mechanical angular
moment
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Anomalous magnetic moment The predictions

The predictions

and QFT ?

[§] e

Interaction with an external field: LO Interaction with an external field: NLO

Electromagnetic current

—euy*u

— 2 0P + P)H + i(P — Plu (V4 — ¥ yH)u
= —o5Ul(p +p)* +i(p' — Py lu
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Anomalous magnetic moment The predictions

The predictions

leads to:

Ap ~ a/m 5 Order  Diagrams
_ 1 1
g = 2+a/m 2 7
a = QT_Z 3 72
4 891
= le 5 12672

~ 1073

QED prediction a.

a. = 1159652182.79-1012
+7.79-1012

8th order: Phys. Rev. Lett. 99, 110406 (2007)

F. Machefert (Cours Master 2 —X —PHE) Advanced Particle Physics —Ecole Polytechnique September 2024 90/94



Anomalous magnetic moment Measurements

Measurements

Electron Precession in B-field
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Anomalous magnetic moment Measurements

Electron Precession in B-field

mvi/r = evB
mvp/r = eB
mwr/r = eB
wo = eB/m
m -  my
we = wo/y
V.
Spin Precession in B-field
Magnetic torque:
AE = gugB = hwi
w = g(eB)/(2m) = gwo
Relativistic corrections (Thomas):
Wp =W —WT = W0 — A’quo
V.
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Anomalous magnetic moment Measurements

Electron Precession in B-field Phase difference
mv3/r = ewB 249 S i — Ty = Exely
mvp/r = eB Relativistic: Aw = wp — we = @wp
mwr/r = eB
wo = eB/m
m - my
we = wo/y

V.

Spin Precession in B-field

Magnetic torque:

AE = gugB = hwi

w = g(eB)/(2m) = guwo

Relativistic corrections (Thomas):

Wp =W —WT = 5Wo — A’quo

y
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Anomalous magnetic moment Measurements

Electron Precession in B-field Phase difference

mvi/r = evB Aw = w| —wp = &wo

mvp/r = eB Relativistic: Aw = wp — we = @wp )
mwr/r = eB

D = g
m — My .o . .

we = wo/v a. = 0 : Spin in phase with electron rotation

/ a. # 0: Spin precession not in phase with
precession of particle in B-field

Spin Precession in B-field

Magnetic torque:

AE = gugB = hwi

w, = g(eB)/(2m) = L gwy
Relativistic corrections (Thomas):

1
wp = w, — wr = Jwy — L-wo
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Anomalous magnetic moment Measurements

Measurements
One Electron in a Penning Trap 1 n=2
Vg - 56/2

« very small accelerator o
« designer atom =92 _TZ*— n=1
cool 12 kHz 200 MHz  detect \7 fC T 38/2

=1 _*é_
52 gvec / 2 Ve
n= 0 _l_
need to ms = =-1/2 Mg = 1/2

153 GHz measure

Electrostatic
for g/2

ggf:,:f;me B Magnetic field

® Penning trap electrons (small scale
experiment)

& /ve: relativistic shift

f Cyclotron : 149 GHz

f Anomaly : 173 MHZ ® test QED to 1018
e determine « to 0.37ppb (=~ 10~9)

® natural scale: m. ~ 0.5MeV

a. = 115965218073(28) - 10~ 14
o~ = 137.035999084(51)
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Anomalous magnetic moment Measurements

Measurements

Calibration
NMR probe

L4270 Fiber
19 monitor

Tl

™ Beam Stop

180 Fiber

monitor
4

® muon liftime penning trap not feasible

® 24GeV protons to produce pions which IS
decay to muons

® muons decay to electrons

® calorimeters detect the electrons
® excellent knowledge of B-field necessary
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Anomalous magnetic moment Measurements

Measurements

T T T
HMNT 07 (e*e)

28551 —e—i
e IN09 (e%6)
= 29965 —e—

Davier et al. 09 (1)
—157£52 —A—

£ y ) : . o Davier et al. 09 ('¢")

Million events per 149.2 ns

1 -312+51
0
This work (e*e” w/ BABAR)
-255+49
° BNL-E821 (WA)
0+63
107 AR AVAY 1 1 1 1 1 1
E L I I | -600 -500 -400 -300 -200 -100 0 100
0 20 40 0 80 100 1
Time modulo 100us a, - axP x10

® electron counting rate varies as function of

the precession of the spin ® Hadronic contribution (non QED) important

® natural scale of experiment (695)
m. =~ 0.105GeV ® Prediction is mixture of calculation and
== measurement

® Supersymmetry?
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