
Superconductivity M2 ICFP 2026 

Lecture 4 (hours 9-10) 

Hour 9 

5.4. Power Point presentation: Vortex Matter in superconductors and other condensates. 

 

 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



Hour 10. 

5.5. Magnetic field of a single Abrikosov vortex.  

It is clear that the magnetic field crossing the normal state “hole” will be screened by 
supercurrents circulating around it on a typical scale 𝜆. Let us calculate this field more 
precisely, considering the phase singularity 2𝜋𝛿(𝑟)𝑢!****⃗  located at (𝑥, 𝑦) = 0. From 

𝚥"**⃗ =
(2𝑒)#

𝑚∗ |𝜓|# 5
ℏ
2𝑒 ∇
**⃗ 𝜃 − 𝐴; 

and by using 𝜇%𝚥"**⃗ = 𝑟𝑜𝑡?𝐵*⃗ A we obtain: 

𝑟𝑜𝑡?𝐵*⃗ A =
(2𝑒)#

𝜇%𝑚∗ |𝜓|
# 5
ℏ
2𝑒 ∇
**⃗ 𝜃 − 𝐴; 

 Considering 𝑟 > 𝜉 , we have |𝜓|# ≈ |𝜓%|# =
|'((*!+*)|

-
, and 

𝜆(𝑇) = F
𝑚∗𝑏

4𝜇%𝑒#|𝑎J(𝑇. − 𝑇)|
K
//#

= F
𝑚∗

4𝜇%𝑒#|𝜓 |#K
//#

 

we get, by taking 𝑟𝑜𝑡(… )	from both parts of the equation, 

𝜆#	𝑟𝑜𝑡 N𝑟𝑜𝑡?𝐵*⃗ AO + 𝐵*⃗ =
Φ%

2𝜋 	𝑟𝑜𝑡(∇
**⃗ 𝜃) 

or, by using the above defined delta-function: 

𝜆#	𝑟𝑜𝑡 N𝑟𝑜𝑡?𝐵*⃗ AO + 𝐵*⃗ = Φ%	𝛿(𝑟⃗)𝑢!****⃗  

with the boundary condition 𝐵*⃗ (∞) = 0. The solution of this equation is known, it is 
Macdonald function 𝐾% 

𝐵*⃗ (𝑟) =
Φ%

2𝜋𝜆# 𝐾% N
𝑟
𝜆O 

 

𝐾%(𝑥) =

⎩
⎨

⎧ln F
1
𝑥K , 𝑓𝑜𝑟	𝑥 ≪ 1

𝑒+1

√𝑥
, 𝑓𝑜𝑟	𝑥 ≫ 1

⎭
⎬

⎫
 

This solution provides a rapid (almost exponential) screening of the field at large distances 
𝑟 ≫ 𝜆 , but apparently diverges at 𝑟 → 0 as 

𝐵*⃗ (𝑟) =
Φ%

2𝜋𝜆# 𝑙𝑛(𝜆/𝑟) 



However, on the scale of 𝜉 the OP vanishes, |𝜓|#~|𝑟|# → 0. It means that close to the core, 
there are no more Cooper pairs and, therefore, no currents generating the field. We can 
introduce a cut-off at 𝑟 = 𝜉 and obtain the field estimation at the singularity 𝑟 = 0 

𝐵*⃗ (𝑟 = 0) =
Φ%

2𝜋𝜆# 𝑙𝑛 F
𝜆
𝜉K =

Φ%

2𝜋𝜆# ln	(𝜅) 

NB: Draw here the OP and B as the function of r. 

 

5.6. First critical field. 

Let us try to understand the region in the phase diagram where the vortex can exist. For this, 
let us first consider the energy of a single vortex in a SC in zero-magnetic field. This 
energy density is: 

𝜀234561 = 	𝜀7346 + 	𝜀8'9: + 𝜀;<: 

The core energy is usually neglected (see below). The magnetic energy density is 

 

𝜀8'9: =
𝐵#

2𝜇%
 

It is positive since the SC state provides the energy necessary to create the field. The kinetic 
energy of moving Cooper pairs is 

𝜀;<: =
1
2𝑛"𝑚

∗𝑣"# =
𝜆#

2𝜇%
	N𝑟𝑜𝑡?𝐵*⃗ AO

#
 

Putting the two terms together we get 

𝐸234561 =
1
2𝜇%

j𝑑𝑉 5𝐵# +	𝜆# N𝑟𝑜𝑡?𝐵*⃗ AO
#
; 

Taking into account the cylindrical symmetry of the problem, we can calculate the vortex 
energy 𝐸234561 per unit of length. To do this, we limit the integration over the volume limited 
in 𝑧 -direction by two planes 𝑧 = 0  and 𝑧 = 1,  and infinitely far from the vortex core in 
(𝑥, 𝑦)-plane.We can use 

N𝑟𝑜𝑡?𝐵*⃗ AO
#
= (𝐵,***⃗ 𝑟𝑜𝑡(𝑟𝑜𝑡?𝐵*⃗ A) − 𝑑𝑖𝑣(𝑟𝑜𝑡(𝐵*⃗ ) × 𝐵*⃗ ) 

We also see that ∫𝑑𝑉 𝑑𝑖𝑣?𝑟𝑜𝑡?𝐵*⃗ A, 𝐵*⃗ A = ∮𝑑𝑆?𝑟𝑜𝑡?𝐵*⃗ A, 𝐵*⃗ A=0 (recall London), since 
?𝑟𝑜𝑡?𝐵*⃗ A, 𝐵*⃗ A lies in the 𝑧 = 𝑐𝑡𝑒 plane. The surface integral 𝑑𝑆 is taken over infinite surfaces 
𝑧 = 0  and 𝑧 = 1  and over edge. At the infinite edge 𝐵*⃗ (∞) = 0 and the integral is zero. At 
the surfaces 𝑧 = 0  and 𝑧 = 1  𝑑𝑆 is perpendicular to ?𝑟𝑜𝑡?𝐵*⃗ A, 𝐵*⃗ A. Therefore we have 



𝐸234561 =
1
2𝜇%

j𝑑𝑉(𝐵*⃗ , t𝐵*⃗ +	𝜆#	𝑟𝑜𝑡 N𝑟𝑜𝑡?𝐵*⃗ AOu) 

But  𝐵*⃗ +	𝜆#	𝑟𝑜𝑡(𝑟𝑜𝑡?𝐵*⃗ A = Φ%	𝛿(𝑟)𝑢!****⃗ . Thus the vortex energy per length unit is 

𝐸234561 =
Φ%

2𝜇%
	𝐵(0) =

Φ%
#

4𝜋𝜇%𝜆#
ln	(𝜅) 

 

Till now, we did not consider the energy of the normal core of the vortex per unit of length, 
which is of the order 

𝐸7346 ≈
𝐵7#

2𝜇%
𝜋𝜉# 

But we know that  

𝐵7 = 𝜇%𝐻.(𝑇) =
Φ%

2𝜋√2	𝜆(𝑇)𝜉(𝑇)
 

 

We obtain 

𝐸7346 ≈
1
4	

Φ%
#

4𝜋𝜇%𝜆#
≪

Φ%
#

4𝜋𝜇%𝜆#
ln(𝜅) = 𝐸234561 

Nota. This is only true for superconductors with lateral dimensions ≫ 𝜆.  

Thus, the energy of a single vortex per unit of its length is positive. Therefore in zero-field 
the vortex is not thermodynamically stable. However, at finite field the total Gibbs energy of a 
SC with a vortex inside could be lower than the Gibbs energy without the vortex: 

𝐺":3234561 = 𝐺"(𝐻 = 0) − 𝜇%j𝑑𝑉	𝑀**⃗ 𝐻**⃗ 615 = 𝐺"(0) − j𝑑𝑉	𝐵*⃗ 𝐻**⃗ 615 	+	𝜇%j𝑑𝑉𝐻**⃗ 615	𝐻**⃗ 615

= 𝐺"(0)	+	𝜇%
𝐻615#

2 ∙ 𝑆 

𝐺"234561 = 𝐺"(𝐻615 = 0) + 	𝐸234561 − 𝜇%j𝑑𝑉	𝑀**⃗ 𝐻**⃗ 615

= 𝐺"(0) + 	𝐸234561 −j𝑑𝑉	𝐵*⃗ 𝐻**⃗ 615 	+	𝜇%
𝐻615#

2 	 ∙ 𝑆 

 

Plot the branches. 



The term 𝐸234561 increases the energy but now the term −∫𝑑𝑉	𝐵*⃗ 𝐻**⃗  is non-zero, and it could 
be negative. In fact, the phase accumulation could be  2𝜋 or  -2𝜋, which decides in which 
direction the vortex currents circulate. If their direction is such that they generate locally the 
field 𝐵*⃗  in the same direction as 𝐻**⃗ , then, the integral is negative, 

−j𝑑𝑉	𝐵*⃗ 𝐻**⃗ 615 =	−𝐻**⃗ 615 	j 𝑑𝑆	𝐵*⃗ = −𝐻**⃗ 615Φ% 

Therefore vortex phase becomes energetically favorable when 

𝐻**⃗ 615Φ% = 𝐸234561 

We thus obtain the formula for the so-called first critical field: 

𝜇%𝐻./ = 𝜇%
𝐸234561
Φ%

=
Φ%

4𝜋𝜆# ln	(𝜅) 

This field is smaller than the “thermodynamical” critical field 𝐻.  by a factor 

𝐻./
H=

≈
𝜉
𝜆 ln

(𝜅) < 1 

Since we know the temperature dependence for 𝜆(𝑇) we get: 

𝐻./(𝑇 → 𝑇.) = 𝐻./(0)(𝑇. − 𝑇) 

 

5.7. Second critical field. 

At 𝐻 > 𝐻./ as the external field raises, more and more vortices appear. The vortices interact 
magnetically and by currents (Bernoulli) and repel each other. They settle in the so-called 
Abrikosov vortex lattice. 

Nota. The transitions between branches characterized by a given number 𝑛 of vortices are 
topological transitions: the total number of 2𝜋 phase winds in the sample is  𝑛; therefore, the 
transition from 𝑛 to 𝑛 ± 1 is not continuous. Moreover, there exists a surface barrier (explain) 
that makes these transitions hysteretic (draw). 

NB: Show here PowPoint with the vortex lattice in SC but also in BEC and suprfluid He. End 
with the possibility to study confinement effects. 

When the distance between AV becomes smaller than 𝜆 the external magnetic field penetrates 
everywhere in the sample; the latter remains in the zero-resistivity state since the OP is non-
zero everywhere except vortex cores ~𝜉. It is easy to see that in this case, the inter-vortex 
distance 𝑎 is inversely proportional to the square root of the magnetic field. Indeed, since by 
topology, the edge of each vortex lattice unit cell contains no current, the total flux over one 
unit cell is exactly Φ%. Thus we have: 



𝜇%𝐻 ≈ 𝐵 = 𝛷%/𝑆>7 = 𝛷%/	
√3
2 	𝑎

# 

We thus get 

𝑎 = �
2𝛷%
√3𝜇%𝐻

	 

 

NB. At 1T the inter-vortex distance is 50nm (if we neglect the field screening, i.e. if 𝜆 ≫
50𝑛𝑚)). 

When this distance 𝑎 becomes close to the normal core size, typically  𝑎 ≈ 2𝜉 , the vortex 
cores overlap and the SC state is destroyed everywhere. The corresponding critical field is 
called “second critical field” is: 

𝜇%𝐻.# = 𝐵.# =
𝛷%
2π𝜉# 

That is higher that the thermodynamic critical field 𝐻. =		
?!"
√#A

. 

 

Nota. We can now compare the three critical fields, namely	

𝐵7 = 𝜇%𝐻.(𝑇) =
Φ%

2𝜋√2	𝜆	𝜉
 

𝐵./ = 𝜇%𝐻./ = 𝜇%
𝐸234561
Φ%

=
Φ%

4𝜋𝜆# ln
(𝜅) 

, and 𝐵.#. We get, for strong type II superconductors, 𝜅 = 𝜆
𝜉� ≫ 1,  

ln(𝜅)
√2	𝜅

𝐵7 = 𝐵./ < 𝐵7 ≪ 𝐵.# = √2	𝜅	𝐵7 

This means that owing the vortex phase, the zero-resistance state is preserved up to fields 𝐵.# 
much higher than the thermodynamical critical field 𝐵7, even if the Meissner state exists only 
at low fields, 𝜇%𝐻615 < 𝐵./. 

 

5.8. Third critical field. 

There is a very interesting effect: while vortices “kill” the SC state at 𝐻.#, near the sample 
surface (edge) in a very thin layer ~𝜉 there is specific compensation of vortex currents by 
Meissner currents. As a result, the OP does not vanish there at 𝐻.# but at a slightly higher 
field  



𝐻.B ≈ 1.69𝐻.# 

 

N.B. Vortex phase – possibility of energy dissipation (vortex core is normal !!)/ In general – 
vortex motion = dissipation. Discuss this a bit and show PowPoint about applications and 
vortex confinement.  

 

 


