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Hour 5

(from J.F. Annett “Superconductivity, Superfluids and Condensates”)

(we keep continuous numbering for the GL theory section)

4.3 Ginzburg-Landau theory of the bulk
phase transition

The GL theory of superconductivity is built upon a general approach to the
theory of second-order phase transitions which Landau had developed in the
1930s. Landau had noticed that typically second-order phase transitions, such
as the Curie temperature in a ferromagnet, involve some change in symmetry
of the system. For example, a magnet above the Curie temperature, T, has no
magnetic moment. But below T a spontaneous magnetic moment develops.
In principle this could point in any one of a number of different directions,
each with an equal energy, but the system spontaneously chooses one particular
direction. In Landau’s theory such phase transitions are characterized by an
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order parameter which is zero in the disordered state above 7., but becomes
nonzero below 7. In the case of a magnet the magnetization, M(r), is a suitable
order parameter.

For superconductivity Ginzburg and Landau (GL) postulated the existence of
an order parameter denoted by . This characterizes the superconducting state,
in the same way as the magnetization does in a ferromagnet. The order parameter
is assumed to be some (unspecified) physical quantity which characterizes the
state of the system. In the normal metallic state above the critical temperature
T, of the superconductor it is zero. While in the superconducting state below
T, it is nonzero. Therefore it is assumed to obey:

D r =1,
W= W) £0 T <T. (4.18)
GL postulated that the order parameter ¥ should be a complex number, thinking
of it as a macroscopic wave function for the superconductor in analogy with
superfluid *He. At the time of their original work the physical significance of
this complex ¥ in superconductors was not at all clear. But, as we shall see
below, in the microscopic BCS theory of superconductivity there appears a
parameter, A, which is also complex. Gor’kov was able to derive the GL theory
from BCS theory, and show that v is essentially the same as A, except for some
constant numerical factors. In fact, we can even identify |yr|* as the density of
BCS “Cooper pairs” present in the sample.

GL assumed that the free energy of the superconductor must depend smoothly
on the parameter . Since ¥ is complex and the free energy must be real, the
energy can only depend on ||, Furthermore, since y goes to zero at the critical
temperature, 7., we can Taylor expand the free energy in powers of [|. For
temperatures close to 7, only the first two terms in the expansion should be
necessary, and so the free energy density (f = F/V) must be of the form:

S = fu(T) + a1 + 36D |* + - (4.19)

since |yr| is small. Here fo(7") and f,(7) are the superconducting state and
normal state free energy densities, respectively. Clearly Eq. 4.19 is the only
possible function which is real for any complex i near ¥ = 0 and which is a
differentiable function of ¢ and " near to ¥ = 0. The parameters a(7T) and
b(T) are, in general, temperature dependent pheonomenological parameters
of the theory. However, it is assumed that they musi be smooth functions of
temperature, We must also assume that b(T) is positive, since otherwise the
free energy density would have no minimum, which would be unphysical (or
we would have to extend the expansion to include higher powers such as [y]%).

Plotting f; — f,, as a function of v is easy to see that there are two possible
curves, depending on the sign of the parameter a(7'), as shown in Fig. 4.2. In
the case a(1) = 0, the curve has one minimum at ¥ = 0. On the other hand,
for a(T) < O there are minima wherever || = —a(T)/b(T). Landau and
Ginzburg assumed that at high temperatures, above T, we have a(T) posilive,
and hence the minimum free energy solution is one with v = 0, that is, the
normal state. But if a(7") gradually decreases as the temperature 7 is reduced,
then the state of the system will change suddenly when we reach the point
a(T) = 0. Below this temperature the minimum free energy solution changes
to one with ¥ s 0. Therefore we can identify the temperature where a(7")
becomes zero as the critical temperature 7.
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Near to this critical temperature, 1, assuming that the coefficients a(T") and
b{T) change smoothly with temperature, we can make a Taylor expansion,
alfy=ax(T'-TH+ -,
bT)=b+-.-,

4.20)

where @ and b are two pheonomenological constants. Then for temperatures just
above T, a(T) will be positive, and we have the free energy minimum, v = Q.
On the other hand, just below 7. we will have minimum energy solutions with
nonzero ||, as seen in Fig. 4.2. In terms of the parameters @ and b it is easy to
see that
i\ W2 o o142 p
ly| = (%)llf U-:‘_-{)]'L r<T1., (4.21)
0 T =T,
The corresponding curve of [y| as a function of temperature, T, is shown in
Fig. 4.3. One can see the abrupt change from zero tononzero values at the critical
temperature 7. In fact, this curve is qualitatively similar to those obtained with
other types of second-order phase transitions within Landau’s general theory.
For example, the behavior of the order parameter 4 near 7, in Fig. 4.3 resembles
closely change in the magnetization M in a ferromagnet near its Curie point in
the Stoner theory of magnetism (Blundell 2001).
Tt turns out to be very important that, because v is complex, there are in fact Iy
an infinite set of minima corresponding to all possible values of the complex
phase &,
¥ = |ple”. (4.22)

-

The phase value, € is arbitrary, since all values lead to the same total free energy. . T

But, just as in the case of the direction of magnetization M in a ferromagnet  mig. 4.3 Order parameter magnitude, ||, as
the system spontaneously chooses one particular value. A magnet heated to  afunction of temperature in the GL model.
above 7, and then cooled again will almost certainly adopt a different random
direction of magnetization, and the same would be true for the angle € in a
superconductor. In fact we have met this same concept before, in Chapter 2,
when we discussed the XY symmetry of the macroscopic wave function in
superfluid He I (Fig. 2.4).
The value of the minimum free energy in Fig. 4.2, is easily found to be
—a(T)?/2b(T). This is the free energy difference (per unit volume) between
the superconducting and non-superconducting phases of the system at temper-
ature 7. This corresponds to the condensation energy of the superconductor,
and so we can write

207 — T2 H?
ar—1) __ H (4.23)

Sy = full) = — T Mo

giving the thermodynamic critical field,

a

Ho=—
(Hob)'/2

(T.—1T) (4.24)
nearto I,

From this free energy we can also obtain other relevant physical quantitics,
such as the entropy and heat capacity, Differentiating f* with respect to T' gives
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Fig. 4.4 Specific heat of a superconductor
near T, in the GL model. Above T, the spe-
cific heat is given by the Sommericld theory
of metals, Cw, = 7. At T. there is a
discontinuity and a change of slope.

*The GL theory can only be reliably used at
temperatures close to T, Therefore our cal-
culated specific heat is only correct near to T,
and we cannot legitimately continue the GL
ling in Fig. 4.4 down from T, all the way to
r=n

*In fact the differences arc deceptive! Our the-
ory rests on a mean-feld approximation and
has neglected important thermal fluctuation
effects, as we shall see below. When these
fluctuations are large, as in the case of high
temperature superconductors, the observed
specific heat near T, appears (o show exactly
the same XY universality class as the lambda
point in superfluid helium (Overend, Howson
and Lawrie 1994},

the entropy per unit volume, s = §/V,
éz
$5(T) — 54(T) = _?(Tc -1,
below 7. At T, there is no discontinuity in entropy, or latent heat, confirming
that the GL model corresponds to a second-order thermodynamic phase tran-
sition. But there is a sudden change in specific heat at 7. Diffcrcntiating' the
entropy to find the heat capacity Cy = Tds/dT per unit volume we abtain

(4.25)

. _[rétp T<T.,
C'.-".\' —Cwn = {0 T = ch (426}
and so the heat capacity has a discontinuity
a2
ACy = TL‘? (4.27)

at T... The metallic normal state heat capacity is lincarin T, Cy, = T, with ¥
the Sommerfeld constant, and so the full heat capacity curve looks like Fig, 4.4
near to T,.?

Interestingly the specific heat for superconductors shown in Fig. 4.4 is qual-
itatively quite very different from both the case of BEC, shown in Fig. 1.7, and
the A point of superfiuid *He, Fig. 2.3.*

4.4 Ginzburg-Landau theory of
inhomogenous systems

The complete GL theory of superconductivity also allows for the possibility
that the order parameter depends on position, ¥ (r). This, of course, now really
begins to resemble the macroscopic condensate wave function introduced in
Chapter 2 for the case of superfluid helium.

GL postulated that the free energy is as given above, together with a new
term depending on the gradient of ¢ (r). With this term the free energy density
becomes,

b(T)

ﬁ2
[ =)+ 5 [V WP + aly 0F + ==y

at point r in the absence of any magnetic fields. Setting v(r) to a constant
value, yr(r) = 1, we sce that the parameters a(T) and b(T) are the same as
for the bulk theory described in the previous section. The new parameter m*
determines the energy cost associated with gradients in yr(r). It has dimensions
of mass, and it plays the role of an effective mass for the quantum system with
macroscopic wave function yr(r).

In order to find the order parameter 4(r) we must minimize the total free
energy of the system,

(4.28)

2 T
F(T) = Fy(T) +f ( ﬁ VY + a(Dp ) + %ﬁmn“ d’r.

2m
(4.29)

To find the minimum we must consider an infinitesimal variation in the
function ¥ (r)

Yr(r) — yr(r) 4 S4r(r) (4.30)
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relative to some function ¥ (r). Evaluating the change in the total free energy
due to 81 and dropping all terms of higher than linear order in the variation §v
we find after some lengthy algebra

2
SFy = f [z%(vsw*) (V) + Sytlay + bi,";[v,irzl:l:| dr

h:!
+ f [ﬁtw*) (VoY) + (ay* + bw*wlnaw} d’r. (431
The two terms involving gradients can be integrated by parts, to obtain

2
5F, = fw* (—;;vfww + bw%) d*r

2m*

The condition for ¥ (r) to produce a minimum in free energy is that 8F = 0 for
any arbitrary variation 8y (r). From Eq. 4.32 this can only be when 1 (r) obeys
&2
—5= ViV Hay +byly? =0, (4.33)
We can obtain this same result more formally by noting that the total free
energy of the solid is a functional of v (r), denoted Fi[v], meaning that the
scalar number F,; depends on the whole function ¥ (r) at all points in the
system, r. It will be minimized by a function ¥ (r) which satisfies
IR, ORI
e (r) dfr*(r) )
where the derivatives are mathematically functional derivatives. Functional
derivative can be defined by analogy with the idea of a partial derivative. For a
function of many variables, f (x1,x2, x3, . . . ) we can express changes in the func-
tion value due to infinitesimal variations of the parameters using the standard

expression
d a d
=L+ Laogt Lagt... (439
ax1 dxg dx3 :

2 o
+f (—LV2¢+a\!f +ba,&|¢;2:) sydir. (4.32)

(4.34)

Considering the free energy as a function of infinitely many variables, vr(r)
and ¥*(r) at all possible points r we can write the analog of Eq. 4.35 as,

dF, = f (‘”’ s ey + ?Mwm) dr. (436)

Y (r) 3Y*(r)
In comparison with Eq. 4.32 we see that
aF[yl R, ) o
)~ ame ¥ T eV eMYIY (4.37)
and )
orlyl (A o
iy ( e ¥ DY BV (4.38)

which is just the complex conjugate of Eq. 4.37. Perhaps it seems surprising
that we can effectively treat 3 (r) and yr* (r) as independent variables in the dif-
ferentiation, but this is correct because there are two independent real functions,
Re[v (r)] and Im[y(r)], which can be varied separately.

73
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Thus we have found that minimizing the total free energy leads to the
following Schrédinger like equation for ¥ (r),
2

VY + (a+ by @) i) =0, (4.39)

However, unlike the usual Schrodinger equation, this is a nonlinear equation
because of the second term in the bracket. Because of this nonlinearity the quan-
tummechanical principle of superposition does not apply, and the normalization
of i is different from the usval one in quantum mechanics.

4.5. |Ginzburg-Landau theory in a magnetic field

The full power of the GL approach to superconductors only becomes apparent
when we include one final term, the effect of a magnetic field. It is this which
truly shows that this is a fully fledged theory of superconductivity, complete
with Meissner—Ochsenfeld effect, London equation, and so on. Effectively,
the GL theory as developed given in the previous sections did not include any
effects of the charge of the superconducting condensate. Therefore it would be
appropriate for systems of neutral particles, such as a superfliud, or for situations
where there are no supercurrents. Butin the presence of supercurrents of charged
particles we must extend the theory to include the interaction of the current and
magnetic field.

What is needed is to include the effects of magnetic fields in the free energy.
GL postulated that the magnetic field enters as if 4 (r) were the wave function
for charged particles, that is, with the usual replacement in quantum mechanics

?v . ??—QA (4.47)
where g is the charge and A is the magnetic vector potential. For all known
superconductors it turns out that the appropriate charge g is —2e. Why this is
the case only became clear after the BCS theory was developed, and the link
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*In fact, in their original paper GL assumed
that the effective charge would be e, not
2e. Reputedly, Ginzburg, then a young
researcher, told his famous advisor Landau
that 2e fitted the available experimental data
betler than e, but Landan overruled him and
insisted that he was sure that it must be !
Ginzburg shared the 2003 Nobel Prize in
Physics for his work in developing the GL
model.

“Note that in the definition of the magnetic
work given in Eg, 4.4, we excluded the part
of this field energy, ;J.OHQJQ per unit volume,
that would be present even with no sample
present inside the coil in Fig. 3.6. From now
on, it will be more convenient to include this
energy explicitly, making F; the total free
energy of both sample and vacuum fields,

NB. In the formula (4.52) the charge
is negative

between the BCS theory and the GL. model had been explained by Gor’kov. He
showed that the correct physical interpretation of the GL order parameter /r(r)
is that it can be understood as the wave function for the center of mass motion
of Cooper pairs of clectrons. Since each Cooper pair has a net charge of —Ze,
then this is the correct effective charge g.° Actually the sign can equally well
be taken as ¢ = +2e, since we can think of Cooper pairs of holes as readily
as pairs of electrons. In fact no observable effects in the GL theory differ when
we take a different convention for the sign.

With this rcmenl the GL free energy density of the superconductor

becomes,
SR

I 2 b
KO =D+ 5 (;V + zeA) w‘ +aly|? + EIWI”‘. (4.48)

To obtain the total free energy we must integrate this over the system, but we
must also include an additional term, corresponding to the electromagnetic field
energy of the field B(r) = V x A at each point r. Therefore the total free energy
of both the s@c\ondﬂctor and the magnetic ficld is,®

o (e | (94 2)
FA) =FaD + | [ |[5v +2eA) v
m* (\ i

I 253
+ 3 f B(r)2d’r. (4.49)

? b
+a_w|2+§|wf“) &

The first integral is carried out over points r inside the sample, while the second
is performed over all space.

The condition for the minimum free energy state is again found by performing
a functional differentiation to minimize with respect to ¥ (r) and ¥*(r). The
resulting equation for yr(r) is again a nonlinear Schrédinger equation, but now
with a term containing the magnetic vector potential A,
A ( 2ei )2 )
- V4 —A| ¥ir)+(a+ by )y =0 (4.50)
2m* h

The supercurrents due to the magnetic field can be found from the functional
derivative of the GL superconductor free energy with respect to the vector
potential,

jy = — 0 (4.51)
b= T5Am ‘
which leads to the supercurrent
. 2ehi 2e)*
Jo= =50 (VY —pVY) — Sy A, (452)

Note the close similarity to the superfluid current flow that we found earlier in
the case of “He, Eq. 2.21. The differences from Eq. 2.21 are first the charge
of the condensate particles, —2e, and the presence of the last term which pro-
vides the effect of the vector potential A. Finally, the vector potential must
be obtained from the magnetic field arising from both the supercurrents and
any other currents, such as the external currents, jex, in the solenoid coils of
Fig. 3.6,

V x B = po(jext +Js), (4.53)

as given by Maxwell’s equations.



We have now two GL equations which along with boundary conditions provide a full set of
differential equations to solve. These equations immediately lead us to important physical properties
of superconductors.

A link for the textbook by Schmidt “The Physics of Superconductors. Introduction to Fundamentals
and Applications” https://link.springer.com/book/10.1007/978-3-662-03501-6

Hour 6.

4.6. Coherence length.

Let us consider a homogeneous SC Y(#) = ¢, = \/% = /% everywhere except a weaker region in

which the OP is not as strong as others regions of the same superconductor. No magnetic field is
applied. We try to see at which spatial scale the OP evolves from this (weaker region) to a normal (¥q)
OP. Since the depletion of the order parameter is weak we can write (7) = o(1 — €(#)) where

e(7) « 1. For simplicity we will consider the planar geometry, (x) = (1 — £(x)) . The weak
location is situated at x = 0 Let us put this to the first GL equation:

2d2

Tz P +ap(0) + Bl )P (x) = 0

2m*

n* d° \ 5 _ 4
Yo Wﬁf(x) + aho(1—e(x)) + ﬁwo(l - 5(95)) =

Since e(x) « 1
2 2

h
o570 + apo(1 - () + B§(1 - 3e(x) = 0

hZ
2m*|a|

0+ 2ae(x) = 2as(x) )

If we define §2 = and Y, = \/% , we get (since a + ByY7 + (—as(x) + 3,81,0(2)5(x)) =

d2
&2 Ws(x) —2e(x) =0
with the condition e(x — o) = 0. The solution of tis equation is

_V2x
e(x) =e(0)e ¢

i.e. the recovery of the OP locally weakened at x = 0 is not immediate but takes place on the
scale of €.

NB. € is called “coherence length”. It depends on temperature (diverges at T — T,) as

B h2 1/2 B . 1/2
¢(1) = <2m*|a(T)|> = <2m*a(TC = T)>



This scale (1-100nm) is very important as it gives, in addition to London/GL penetration

depth 4, = ( Me )1/2 ~ AgL = (m—*ﬁ)l/z = (m—*b)l/z (at T — T¢) the second

Koe?ns 2ppe?|al 2p0e2a(Tc-T)
characteristic scale of SC.

NB. We see that while both £ (T) and A(T) diverge at T — T, their ratio does not:

K=’1/§—

The parameter k is very important as it decides the type of SC.

NB. A similar example provided by J. F. Annett and presented below is not physically correct, as there
is no physical meaning of putting the OP to zero at the S-N interface. Rather, at S-N interface there is
so-called “proximity effect” that we will discuss in the next section.

Consider a simple model for the interface between a normal metal and a
superconductor. Suppose that the interface lies in the yz plane separating the
normal metal in the x < 0 region from the superconductor in the x > 0 region.
On the normal metal side of the interface the superconducting order parameter,
w (r), must be zero. Assuming that 4 (r) must be continuous, we must therefore
solve the nonlinear Schridinger equation,

2 2
- 2‘; % +a(MY ) + BT (x) =0 (4.40)
in the region x = 0 with the boundary condition at 1(0) = 0. It turns out that
one can solve this equation directly (Exercise 4.2) to find

) = ¥ tanh | —— ) ,
Y(x) =y (\/EE(I') (4.41)
o) as shown in Fig. 4.5. Here yy is the value of the order parameter in the bulk far
from the surface and the parameter &(7T') is defined by
5 12
{(T) = _ . (4.42)
5 2m*|a(T)| ’

This quantity, which has dimensions of length, is called the Ginzburg-Landau
coherence length. It is an important physical parameter characterizing the
Fig. 4.5 Order parameter of asuperconductor  guperconductor. In Fig. 4.5 one can see that £(7) is a measure of the distance
near a surface. It recovers to its bulk value 1y f the surface over which the ord ter h d back arl
over a length scale of the coherence length, £. .mm © © Order parameler has recovered back to nearly
its bulk value.

The GL coherence length arises in almost all problems of inhomogenous
superconductors, including surfaces, interfaces, defects, and vortices. Using
a(T') = a(T — T;) the coherence length &(7T) can be rewritten,

E(T) = E(0))e| 712, (4.43)

X

where

(4.44)

4.7. Proximity effect

The strength of GL theory is also to predict the so-called proximity effect which is the building block
of Josephson junctions. In fact, when a superconductor is brought in a (very good) contact to a non



superconducting material (metal, semiconductor or even insulator) the superconducting electrons can
leak outside and induce quantum coherent state in the vicinity of the interface. The scale of this effect
strongly depends on materials used. In general, the proper description requires microscopic theories
(BCS, Usadel etc.) and cannot be done within GL. Here we will give a specific example: a junction
between two superconductors with different critical temperatures, (T, and T,s), brought in good
contact: Tog > Tep, - Tes — Ten K Tppp. The temperature of the specimen T is chosen to satisfy the
inequality T,,, < T < T, hence the material with the critical temperature T, is in the normal state.
The interface between the two materials is flat and coincides with the plane x = 0. The
superconductor occupies the semispace x > 0, and the “normal” metal x < 0. The behavior of the
order parameter in the S region (x > 0) can be determined by solving the first GL equation (reduced

form (7) — Y(F)/tpo with 1y = |2

h%/, i2e_)\? . N N N
(V+5-7) 9@ — lalw@® + BW@ 9@ = 0

C2m*

R @@Jz_ez)zlp(?)— M|a|¢(;)+ Mmﬁlw(?)lzw(?*)=0
2m* B h p B B

hzﬁiZe_,z_) . 2R = 0
— (T4 557) 9 — laly® + 2l Y@ =
By dividing by |al:

h 2 = i2e_, 2 s R . .
( Y A) Y@ — @ + @ PPE =0

2m* |«
. 2
—¢2(7+ %Z) W@ — @ + @@ = 0

Now, in one dimension, and considering ¢ real,

—&2d*p(x) /dx? —p(x) +P*(x) = 0

Which is possible to integrate it directly:

d 2 4
52 ( ﬁff)) ~ VW + 5 () = Ce

ey g @ @) dy (i) 30 AV
(since =2—y)—, ——=2P)—, and——==2¢"(x)— )
Since at (x - o) we have %ﬁf) — 0 and ¥ (x) — 1, the integration constant is Cte = —1/2.

Substituting this into the equation and carrying out the integration, we obtain

(x) = tanh ((x — x0)/v/28)



Here x is the integration constant to be determined from the boundary condition at x = 0: no
current should spontaneously flow through the boundary. In our case this condition leads to
xo < 0 (i.e. the OP is still not zero at x = 0). The precise value of x,, in general, should be
calculated using the microscopic theory.

Its geometrical significance becomes evident from Figure 3.2.

Consider now the behavior of the order parameter 1(x) in the normal region x < 0. Since the
material is just above its SC transition, a, > 0 and the first GL equation reads

2

2 d 3 —
~§2 () + Y0 + Y1) = 0

With &7 = Since the induced OP is very small the cubic term can be neglected. Then,

2m*|a,|’

taking the limit conditions ¥ (x = —o0) = 0 we get the solution

x|

P(x) = P(0)e %

The “normal” coherence length depends on electronic properties of the material. It varies
from 1nm (in insulators) up to microns in good metals with high mean free path [ > &,,.

Normal Y(x)  Superconductor

$n 3

<> | /) <>

W, (x) = tanh((x — x0)/V2¢)

_ I«

P) = P(0)e




4.8. Power Point presentation on Proximity effect as observed by STM.
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Proximity effect(s) in lateral junctions

Counter electrode
Thin tunnel barrier
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. about spatial evolution of the DOS
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v Tunneling spectroscopy of superconductors: Nb
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Pb in-situ grown on 7x7 Si(111) in UHV

Mono-atomic steps
separating atomically

flat terraces
Pb-nanocrystals

(3-15 ML)

Si (111) + Pb-wetting layer (1ML)

ICSM2014, Antalya, TURKEY

L. Serrier-Garcia et al.
Phys. Rev; Lett. 110 157003 (2013)
Coll. J.-C. Cuevas, F. S. Bergeret, Spain

ICSM2014, Antalya, TURKEY




Proximity effect
between Pb-island and wetting layer
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Proximity effect in lateral S,-S, junctions

Low temperature regime: T<T;4, T,
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(Phys. Rev. X, 2014)
ICSM2014, Antalya, TURKEY

Proximity effect in lateral S,-S, junctions

Revealing the inverse proximity effect in S,

dl/dv
=10
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(Phys. Rev. X, 2014)
ICSM2014, Antalya, TURKEY




Proximity effect in lateral S,-S, junctions

« High » temperature regime: T,<T<T,
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deGennes’ prediction (1968) — experimentally demonstrated 2013
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Elaborating lateral SNS proximity junctions
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Elaborating lateral SNS proximity junctions
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Elaborating lateral SNS proximity junctions
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Hour 7.
4.9. Flux quantization within the GL formalism.

With respect to London equation,

— c 2 mez 12
Js = _EA > AL - [47tn5e2] (CGS)
or
e = ]
) (2e)? .
Js = m ng
Second GL equation has a similar term:
(26)2
——|yp|24

which immediately tells us about the meaning of [|?. But, very importantly, it also has an additional
QM term related to the gradients of the wave function:

(26’)

— (VY — V)

It tells us that supercurrents could flow owing gradients of the OP (but only if the OP is complex, i.e.
contains a phase!!!).

Case 1: macroscopic SC sample with a macroscopic hole (similar to what we already considered, see
hour 3).

Let us consider a macroscopic superconductor with a hole drilled inside. Let us chose a closed loop
inside the material far from the hole (3> 1;). From the London equation we get on the loop

];0017 — 0’ Hloop =0
Consider second GL equation

(26) e)?

— (VY — vy )——

Js = |l/)|2A

Since the loop is far from the hole amplitude of the order parameter does not depend on position, only
the phase could depend: (8 (1)) = |p|e?d™

o=y (256 - 4

-

Since on the loop j; = 0, this results in: %69 =



Let us now take a path integral from both parts over the loop. We get

h = 5
—jﬁ 4570 = jﬁ i i
2e

By Stoke’s theorem

NB: Anecdote about the Stoke’s theorem. Lord Kelvin communicated it to George Stokes in a letter
dated July 2, 1850 (without demonstration). Stokes set the theorem as a question on the 1854 Smith's
Prize exam, which led to the result bearing his name, even though it was actually first published by
Hermann Hankel in 1861.

jém - j dSrot(d) = j 5B = o

® being the magnetic flux across the loop. Thus we have

h

— ¢ d3Ve =@
2e §

One immediately sees that 6 is not uni-defined, but )(¥) should be. Finally, if the phase accumulation
along th loop is 27n, then W(O(F) + 2mn) = |1h|el@M+2m) = || = (9(#)), i.c. the wave
function is uni-evaluated. It means that whatever the path is

j£d§§9 = 2nn

should hold. We finally get

) () h
=n O—nze

with ®y = Py = 2.07 - 1077 Gauss - cm? (SGS) or &y = — = 2.07 - 1075 Wb (SI). The value ®, is

the superconducting flux quantum.

Case 2: macroscopic SC sample with a small circular hole.

As in the previous case we have a macroscopic superconductor, but now we consider a very small
cylindrical hole. Let us consider a loop around it with a radius R < A;. At such a short distance from

the edge there is no magnetic screening, and we can consider B @ = #oﬁext = cte.
Consider the second GL equation over the loop.

(Ze) )

Js = — (VY — vy )— 124

We integrate et take into account J; = env; we get



(Ze)jﬁdsvs = jﬁdsve jﬁdﬁ

The first term is the circulation of superconducting electrons; the second term is equal to n®; the
third term is the flux across the loop:

i.e. for microscopic distances the flux is not quantized. To make it quantized we should require
jﬁ div, =0

j€d§§9 = 2nn

NB. The circulation of the phase is always

Taking into account the circular symmetry of the problem we get: Vo = n/R. This is peculiar: as if we

make R — 0 we get the phase singularity V6 — oo. And it is indeed realized in superfluids/SCs —
quantum vortices!

Case 3: macroscopic SC ring.

Let us now apply the GL theory to the case of a superconducting ring, as
shown in Fig. 3.4, Describing the system using cylindrical polar coordinates,
r = (r, ¢, z), with the z-axis perpendicular to the plane of the ring, we see that
the order parameter v (r) must be periodic in the angle ¢,

Y(r¢,z) = Y(r.¢ +2m,2). (4.68)

We assume that the variations of 1 (r) across the cross section of the ring are
unimportant, and so we can neglect r and z dependence. Therefore the possible
order parameters inside the superconductor are of the form

Pig) = Yoe™, (4.69)

where n is an integer and v is a constant. We can interpret n as a winding
number of the macroscopic wave function, exactly as for the case of superfluid
helium in Fig. 2.9.
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However, unlike the case of superfluid helium, a circulating current in a
superconductor will induce magnetic fields. Assuming that there is a magnetic
flux & through the ring, then the vector potential can be chosen to be in the
tangential direction, ey and is given by

&

Agp = —o0, 47
¢~ 27R (4.70)

where R is the radius of the area enclosed by the ring. This follows from
‘b—_——fB-dS:f(VxA)-dS:%A-dr:erRAqb, (4.71)

The free energy corresponding to this wave function and vector potential is

. . 3 hz | 2ef 2 2 b 4
Fo(T) = Fo(T) +fd ’ Vo Al a2t - Es
, 2m | P 2

h:
2m*

in  2eid

R 2mhR

=FI(T) + v(

2
|a;r|2) + Lf}szaﬁr (4.72)
2p

where we have used the expression to gradient in cylindrical polar coordinates

v ax 14X aX

X = Ecr-f' ;@E@ﬂ— a—zez
(Boas 1983), V is the total volume of the superconducting ring, and FO(T)
is the ground state free energy of the ring in the absence of any currents and
magnetic fluxes. The vacuum magnetic field energy Eg = (1/2u0) f B%d*r can
be expressed in terms of the inductance, L of the ring and the current I,

(4.73)

1
Eg= Euz. (4.74)
Clearly, it will be proportional to the square of the total flux, & through the ring
Ep o @2,

On the other hand, the energy of the superconductor contains a term depending
on both the flux & and the winding number, n. This term can be expressed as,

W 2 2
Vo gV P (@ = n®o)?,
where the flux quantum is ®y = h/2e = 2.07 x 1071° Wb,
We therefore see that the free energy is equal to the bulk free energy plus two
additional terms depending only on the winding number n and the flux &. The
energy of the superconducting ring is therefore of the general form,

Fy(T) = F™S(T) + const. (@ — n®g)? + const. d°. (4.75)

This energy is sketched in Fig. 4.6. We can see from the figure that the free
energy is a minimum whenever the flux through the loop obeys ® = ndy. This
is the phenomenon of flux quantization in superconductors.

Taking aring in its normal state above T, and cooling it to below T will result
in the system adopting one of the metastable minima in Fig. 4.6, depending on
the applied field. It will then be trapped in the minimum, and a persistent current
will flow around the ring to maintain a constant flux @ = ndy. Even if any
external magnetic fields are turned off, the current in the ring must maintain



F(®) = F(0)

2@, -, 0 @B 2, b

Fig. 4.6 Flux guantization in a superconducting ring, Metastable energy minima exist when the
flux is an integer multiple of the flux quantum @ = h/2e. There is an overall background increase
with @ corresponding 10 the self-inductance of the ring, making the zero flux state & = 0 the
global energy minimum. Thermal fuctuations and quantum tunnelling allow transitions between
neighboring metastable energy minima.

a constant flux & in the ring. It is possible to directly measure the magnetic flux
directly in such rings, and hence confirm that it is indeed quantized in units of
@y, or multiples of 2 x 10~15 Wh. Incidentally, the fact that flux quantization is
observed in units of ®¢ = k/2e and not units of i /e is clear experimental proof
that the relevant charge is 2e not ¢, hence implying the existence of Cooper pairs.

Given that a system is prepared in one of the metastable minima, it can, in
principle, escape over the energy barriers to move into a neighboring lower
energy minimum. This would be a mechanism for the persistent current to
decay, and hence for dissipation. Such an event corresponds (o a change in the
winding number, n, and is called a phase-slip. However, the rate for thermally
hopping over these barriers is exponentially small, of order

L et (4.76)
T

where Ey is the barrier height between minima in Fig. 4.6. Clearly this ther-
mal hopping rate can be made negligibly small. For example, Eq is formally
proportional to the ring volume, V, and so can be made arbitrarily large in a
macroscopic system. In practice persistent currents have been observed to flow
for years, with essentially no decay!

Another interesting possible mechanism for a phase-slip would be a quan-
tum tunnelling from one minimum to another. This would be possible at any
temperature. But again the rate is impractically small in macroscopic systems.
However, a very interesting recent development has been the direct observa-
tion of these tunnelling events in small mesoscopic superconducting rings.
These experiments have demonstrated macroscopic quantum coherence and
are discussed briefly in the next chapter.

4.9  The Abrikosov flux lattice 83
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4.10. |Gauge symmetry and symmetry breaking

The GL order parameter for superconductors has both an amplitude and a
complex phase
P = [P (0. (4.54)
This is similar to the macroscopic wave function for superfluid He 11, introduced
in Chapter 2. However, unlike superfluids of neutral particles, something very
interesting happens now when we consider gauge invariance.
If we make a gauge transformation of the magnetic vector potential

A(R) = A(F) 4 Vx (0 (4.55)

then we must make a corresponding change in the phase of the order parame-
ter, 8. Consider the term in the GL free energy density containing the canonical
Momentum operator

. h
p==V+2A.
T
If we change the phase of the order parameter by
Y (r) — (e ® (4.56)

then we obtain

P (r)e? ) = W (?v + 2eA) U (r) + ¥ () Pava ),

h h

= 9 (—_v +2e (A + Q—th)) P (r). (4.57)
i e

From this it follows that the frce. energy will be unchanged when we

simultaneously change 1r(r) to ¥r(r)e® ™) and the vector potential according to

A(r) — Alr) + EVH, {4.58)
2e

This shows that the theory satisfies local gauge invariance. Both the phase
of the order parameter and the magnetic vector potential depend on the choice
of gauge, but all physical observables (free energy, magnetic field B etc.) are
gauge invariant,

So far this is all completely general. But we saw earlier that a bulk super-
conductor has a ground state with a consiant order parameter, 1. Therefore
it must have the same # everywhere. There must be a phase-stiffness, or an
energy cost associated with changing ¢ from one part of the solid to another.
If we consider a superconductor in which the order parameter has a constant
magnitude, ||, and a phase #(r), which varies only slowly with position r,
then (using Eq. 4.57) we obtain the total free energy

) 2
Fo=F%+p, f &or (ve + fA) . (4.59)
Here the superfluid stiffness is defined by,
hZ
pe= 5 [|? (4.60)

and Ff’ is the total free energy in the ground state (§ = constant, A = 0). Now if
we choose some particular gauge for A(r}, such as the London gauge, V-A = 0,
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then within this fixed gauge there is now a free energy cost associated with
further gradients in #(r). To minimize the gradient energy, we must minimize
the gradients, by making @(r) as constant as possible throughout the system.
In the case of zero applied magnetic field, we can choose A = 0, and clearly
then #(r) will be constant everywhere in the system. Again we are back to the
XY symmetry of Fig. 2.4. Since the system effectively chooses an (arbitrary)
constant order parameter phase everywhere in the system, we can say that the
system exhibits long ranged order in the order parameter phase, just as a
ferromagnet has long ranged order in its magnetization M(r).

Because the long ranged order is in the phase variable (which is not nor-
mally a physical observable in quantum mechanics) we say that the system
has spontaneously broken global gauge symmetry. The point is that global
gauge symmetry refers to changing 8(r) by a constant amount everywherc in
the whole solid (which does not require any change in A). This is in contrast
to local gauge symmetry in which 8(r) and A(r) are changed simultaneously,
consistent with Eq. 4.58.

Equation 4.59 also implies the London equation, and hence the Meissner—
Ochsenfeld effect, bringing us full circle back to Chapter 3. The current can be
calculated from a functional derivative of the free energy

OF[A]

BA(r)

Js =

A

Starting in the ground state, where @ is constant, we directly find that with a
small constant external vector potential, A, the current is,
. (2e)? _
Is= —ﬂs—hTA, (4.62)
which is exactly the same as the London equation. The superfluid stiffness, ps,
is essentially just the London superfluid density, n,, in disguise!
To make the connection between g, and the London superfluid fraction, ny,
more clear, consider the London equation

2 2
=—fm(vw+fA) 4.61)

&2
o= T A (4.63)
Mg
If we rewrite Eq. 4.61 1n the form
. (2¢)*
i= -5 v[2A, (4.64)
m

then clearly these are the same. It is conventional to define the constants so
that the London superfluid density is n, = 2|y |* and the GL effective mass
is m* = 2m, (where m, is the bare electron mass). With this choice the equa-
tion can be interpreted physically as implying that |v|? is the density of pairs
of electrons in the ground state. Therefore in comparison with the BCS the-
ory of superconductivity we can interpret [|2 with the density of Cooper
pairs in the ground state, and n, as the density of electrons belonging to these
Cooper pairs. The normal fraction, n, = n — n, coresponds to the density of
unpaired electrons. The GL parameter m* is the mass of the Cooper pair, which
is naturally twice the original electron mass.
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Table 4.1 Penetration depth, A(0), and ceherence length, §(0),
at zero temperature for some mportant superconductors. Data
values are taken from Poole (2000),

T (K)  A{0)(nm)  E{0) (nm}) K

Al 1.18 1550 45 0403
Sn 372 180 42 0.23
Pb 7.20 87 39 0.48
Nb 9.25 39 52 13
Nb;Ge 232 3 90 30
YNizB,C 15 8.1 103 12.7
KaCep 194 28 240 95

YBarCusQO7—s 91 165 1356 95

In terms of the original free energy GL parameters, @ and b, the superfluid
density, n; s given by

(T, — T
ne = 27 = z“(*b—)_ (4.65)
Therefore the London penetration depth, A(T) is given by
12
mb !
MO = | ———— . 4.66
@ (Zﬂuezéiiﬁ: - T)) (469

Clearly this will diverge at the critical temperature, T, since it is proportional to
(T. — T)"Y2, We saw earlier that the GL coherence length, £(T), also diverges
with the same power of (7, — T), and so the dimensionless ratio,

AT

o= 2D (4.67)

&(T)
is independent of temperature within the GL theory, Table 4.1 summarizes the
measured values of penetration depth and coherence length at zero temperature,
(0}, £(0), for a selection of superconductors.

Hour 8.
5. Vortex Matter in Superconductors
5.1. S-N interface energy. Type I and Type II SCs.

Here we will try to understand why there are two kinds (types) of superconductors. For this
we will consider a SC sample at a field very close to the critical one. We will calculate the
energy at the interface between already normal and yet superconducting regions of the
sample.

First step. It is possible to express the thermodynamical critical field in terms of ¢ and 1. We

2
know that the total condensation energy is F; — Fyy = — ”(’zi Within the GL theory we
showed that at equilibrium the OP ¢ takes the value



a |af

2 = -2 ==
B B
At this this (thermodynamic equilibrium) value the free energy is
B la|? a’
— |allyp]? + |¢|4_FN Zﬂ FN_%(TC_T)Z
We therefore have :
He = (Tc—=T)

V Hob

We now replace @ and b by characteristic lengths of superconductivity :

h2 1/2
¢(1) = <2m*|€1(TC = T)|>

1/2

“”=Q%ﬂ2£-n0

We notice that

1 4pge?|a(T, — T)|2m*|a(T, — TN 2e
= " = _\/EMOHC
Z(TAT) RZmb R
And we finally get for H.(T)
HoH(T) = .
e 21v2 A(T)E(T)

Now it becomes possible to rewrite GL equations using the reduced OP [y,.(7)|? € [0,1], as

W) = Yoty () (€2 = m—and y = |2l

2 (54 22) 90 ) = .6+ W O, ) = 0

In this reduced Op notation the free energy density:

@l ®F + 5 w1

£ = D) + |7+ 224) | -

becomes for the reduced OP Y (7) —» ¢, (7) |[—



) jal s iz a s (B
D=+ 2|5+ 524y, —7|a||¢r( 3l (ﬁ> !
£ = i+ L6274 222 g0 =Ly (f)|2+(m>25|¢ @
N n ﬁ T ﬁ T ﬁ 2 T

lal> _

Now, remember that the condensation energy is ——-

2B
.“ng
g

The total free energy should also include the energy of the expelled field

e

One can now calculate the Gibbs energy in terms of ¥, (7).

2
H .
%. We can write :

(M) = fi

(m"z—"’ﬁ)w | = @ + @1
h Tr T 2 r

toH?

2

fs(T,H) = f,

1
[P + Ehpr(f)r*] =

(745 )] - z

Second step. Let us now consider the SC in a magnetic field very close to the critical one. If
the sample is a long cylinder — we know the solution. However, if the shape of the sample is
different, the magnetic field will penetrate first at its sides where the magnetic energy is
higher. Close to transition H < H, it will lead to a non-homogeneous intermediate state of a
SC where normal and superconducting regions alternate. In fact, we already showed that the
Gibbs energy of the normal part (with penetrated critical field puyH, is exactly equal to the
Gibbs energy of superconducting parts where poH = 0. The only energy term which may
remain and may decide the existence of the intermediate state is the energy near S-N
boundaries. Indeed, at the S-N interface two things happen : 1) — the field is screened in S-part
but penetrates the N-part on the scale of A(T) ; ii) —the OP is maximum far in the S-part and
vanishes deep in the N-part on a scale of &(T). Since bothe OP and magnetic field enter the
free energy, the free energy near the interface could be positive or negative depending on k =

A
/¢
Third Step. Consider a S-N boundary perpendicular to x-axis ; the magnetic field is parallel to

the boundary H = (0,0, H(x)). If one takes Landau gauge A = (0, A(x), 0) one obtain GL
equations in the form:

n2eA
2 L0+ 6 () ) = 0+, (0 = 0
a4 _ (wz(x)> .\

dx? A2

By integrating one gets:



(-2 oo s (59 () o (42 -

The constant C=1/2 is obtained from the condition in S—side far from the interface :

dll)(x—> ©)

Pr(x > —0) =1, =0,A(x > —0) =0

From this, and using the above obtained formula for critical field we obtain:

2m2efA \? 1 dy,(x)\° B2
< ( >+2#0H2 2

1) P00+ 5 ) =+ (o

Fourth step. In the general case we defined the Gibbs energy density as g = f — ,1101\7 H,and

2

s =Gy = [ @r Jalp@IP + Sl + %‘(?\7 - 2e/f(f)>¢(f’)

H2 H—) —
+fd3r{ﬂo —deH}
Vr 2 0

In our case we need to integrate over the x-axis only. By putting the obtained above
differential equation for y,.(x)(B) we get:

anS(T,H)=f+m[G _G,]dx = 4#ozHc f*‘” [52 (d%}fx)) . B(B — poH,)

2ugHE

Let us analyze this result. At the S-N interface 1,.(x) in the first term varies between 1 and 0
at the scale of &. Therefore, the first integral is ~¢. The second term in the integral is always
negative since B < uyH, . Moreover, the magnetic term starts at 0 (since B = 0 deep in the
superconducting part) and finishes at O (since B = pyH, in the normal part). This function is
about 1 at its maximum, and it is non-zero at te scale of the penetration depth A. Therefore,
the second term is ~A. We immediately see that if

_A
K= /5«1

then the interface energy is positive and the system will try to minimize the total surface of
S/N boundaries. This is the case in type I superconductors. (NB : remind M (H) plot here !)
However, if

_A
K= /5»1

Then the interface energy is negative



ons(T,H) <0

In this case the thermodynamic systems gains energy by multiplying S/N boundaries !!! This
is the case of type II superconductors. At the end the type II SCs create a large number of
S-N boundaries. One sees that the system, still superconducting, will « prefer » to have a huge
number of S/N interfaces. In this case each N-region will be as small as a SC can admit.
Moreover, each such N-region should be cylinder-like (the largest surface with the minimum
volume). The minimum spatial scale that SC OP allows is ¢ - the minimum possible length in
this case! This is the case of Abrikosov vortex. Abrikosov showed that the crossover between
type I and type II SC takes place at

VR
K = /g_ﬁ

5.2. Minimum size of the normal region. Abrikosov vortex.

We can ask ourselves what is the minimal N-region allowed in a type II SC; the answer is
straightforward from our previous calculation of the typical size of inhomogeneous OP —
should be of the order of . If we consider such a normal region surrounded by SC one, then
the external magnetic field penetrates a “hole” over > ¢ . Let us consider the flux over a
closed loop chosen in S far enough (3> A,) from the S/N interface. Consider 2" GL equation:

)ZA

Js=—

Since the loop is far from the hole we can consider the constant amplitude of the order
parameter (|y| does not depend on position), only the phase could depend on #: (0 (7)) =

e9™) _Putting this expression in the 2nd GL equation we obtain
g p q

(26)2 = || [ V6 — A]

Since on the loop j; = 0, it results in %V)H = A.

Let us take now the path integral over the loop from both parts of this equation. We get

h — R
—f 3V = fdm
2e
fdgz - f dSrot(A) = fd§§ s

® being the magnetic flux across the loop. Thus we have



We already obtained this result in the previous lecture when considering flux quantization
over a macroscopic hole in a SC specimen. Since 1(7) is uni-defined, the phase accumulation
along the loop should be 27n,

§£d§€9 = 2mn

In order to minimize the energy of currents circulating around “hole”, the value n is usually 1.

Notice that the integral
fdﬁ@ = fd§rot(€9) =2n

may be seen as rot(ﬁ@) =216 (1y)u,

i.e. we have a phase singularity in 7 !! Indeed, taking into account the circular symmetry of
the problem we get: Vo =1 /7. This is peculiar: as if we make r — 0 we get the phase

singularity V6 — 0. And it is indeed realized in superfluids/SCs — quantum vortices!

NB. The dimensionality of 6 (1) = [m~?]

5.3. Abrikosov vortex lattice (optional)

The great beauty of the GL theory is that it allows one to solve many difficult
problems in superconductvity, without any reference to the underlying micro-
scopic BCS theory. In some sense one could argue that it is more general, for
example, it would almost certainly apply to exotic superconductors, such as
the high 7. cuprates, even though the original BCS theory does not seem lo
explain these systems. The other great advantage of the GL theory is that it
is considerably easier to work with than the BCS theory, especially in cases
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7 Abrikosov was awarded the 2003 Nobel
Prize for Physics for this work, He shared the
prize with Ginzburg and Leggett,

*In conirast this would not be the case for a
type I superconductor, where the transition at
H. is first order. In these superconductors y
jumps from discontinuously from zero to a
finite value at H,.

where the order parameter has complicated spatial variations. The tour de force
example of this is the Abrikosov flux lattice.

Abrikosov found a solution to the GL equations in the case of a bulk super-
conductor in a magnetic field.” The result he obtained is remarkable in many
respects. It is essentially an exact solution for type II superconductors, valid
close to Hey. Furthermore, it predicted a striking result, that just below H,, the
order parameter forms into a periodic structure of vortices. Each vortex carries
a magnetic flux, hence explaining how magnetic flux enters superconductors
in the mixed state between H,| and H.». Abrikosov's prediction of the flux
lattice was confirmed experimentally, showing not just that vortices occur, but
they also tend to align in a regular triangular lattice, as predicted by the the-
ory. This periodic Iattice of vortices was perhaps the first example in physics
of emergent phenomena in complex systems; the fact that sufficiently complex
systems exhibit a variety of novel phenomena on different length scales. These
phenomena effectively arise from self-organization on the macroscopic length
scale.

In type 1T superconductors the thermodynamic phase. transition at H,; is
second-order (see Exercise 4.1). Therefore we can expect that the GL order
parameter i is small in magnitude just below H,, and reaches zero exactly at
H,» ® Therefore, the magnetization M will also be small at a magnetic field just
below H. (since i is near zero, the superfluid density n, and the screening
supercurrents will also vanish at H»), as can be seen in Fig. 3.8. Therefore (o
a good approximation we can assume that

B = upH, {4.77)

where H is, as usual, the applied field given by the external apparatus as in
Fig. 3.6. This also implies that sufficiently near to Hy we can neglect any
spatial variations in the B-field, B(r) and just treat it as a constant,

B = (0,0,B). (4.78)

It will be convenient to express the corresponding vector potential A in the
Landau gauge as
A(r) = (0,xB,0). (4.79)

In which case the GL equation, Eq. 4.50 becomes

h? v, 2Bl 2eBi . 5

“5 ( + 3 xey) . (V + Txe}.) Yr(r) +a(I)yr + bly?l P =0,
(4.80)

where, as usual, e, is the unit vector in the y direction.

Now if we are infinitesimally below H, s, then  is essentially zero and we
can drop the cubic term, b|u‘1|2¢;. All the other terms are linear in 1 and so we
have linearized the equation. Expanding out the bracket (paying attention to
the commutation of V and xe,) gives

R [ . 4eBi 3  (2eB) ,

Introducing the cyclotron frequency,
_ 2eB

W =

, (4.82)

m*



and noting that @(T') is negative since we are at a temperature below the zero
field T, the equation can be written in the form,

IE s L a mfwy 5
—zm*V —hm,uaq— 5 X Y(r) = |ajif(r). (4.83)

where £(T') is the GL coherence length.

Now Eq. 4.83 has the form of an eigenvalue equation, and is well known in
quantum mechanics. It is equivalent to the Scridinger equation for the wave
function of acharged particle in a magnetic field, which has well known Landan
level solutions (Ziman 1979). The solution has the form,

P(r) = 07D (), (4.84)

which is a combination of plane waves in the vy and z directions, combined with
an unknown function of x, f(x).

To find an equation for this function, f(x) we substitute the trial solution into
Eq. 4.83. We find that f(x) obeys

2 2 * g2 R (k2 + k2
_rdr (ﬁmrk).x+ mzm" xg)f = (lal o M)f (4.85)

m* E + 2m*

The term in brackets on the left hand side can be rearranged by “completing
the square,”

m*a? mFal mraw?
Hwchyx + ——x? ) = =% (x — xp)? — x3, (4.86)
2 2 2
where
hk,
ip = — — . {487)
it

Finally, moving all the constants over to the right-hand-side we find,
wodif ] m*a?
2m* (x> 2

2 L
—x) = (lal ==L )f.  488)

Equation 4.88 is just the Schridinger equation for a simple harmonie oscil-
lator, except that the origin of coordinates is shifted from x = 0 to x = x.
Therefore the term in brackets on the right is just the energy of the oscillator,

I S
n+ 3 fwe = la| — o (4.89)
or
1 )
n+ = ) Aw, + = =a(T, —T). (4.90)
2 2m*

The corresponding functions f(x) are just the wave functions of a simple
Harmonic oscillator for each n, shifted by xg.

Imagine that we gradually cool a superconductor in an external field, H. At
the zero field transition temperature, 7., it will be impossible to satisfy Eq. 4.90
because of the zero point energy term fiw, /2 on the left hand side. A solution
will only be possible when the temperature 1s far enough below T, to achieve,

Lhw. = a(T, = 1), 4.91)

corresponding to the lowest possible energy solution (n = 0, &, = 0). This
equation determines the depression in transition temperature in the magnetic
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field,

T.(H) = T0) — b,
2ehig
2am*

Alternatively, we can start in a large external field, H, above H, 2 which we
gradually decrease (keeping the temperature fixed) until

=T, (OJ' -

H. (4.92)

1p2B _ a1y, (4.93)
2 m*
Therefore, rearranging,
HoHon = B = Zm—_*&{Tc -D ﬁ_
c2 2 F!E 26"
=% (4.94)
2mE(T)2

It is interesting to note that this result implies that at Hy, there is exactly one
flux quantum (i.e. one vortex line), in each unit area 27 &(T)2, This expres-
sion also provides the simplest way to measure the GL coherence length £(0)
experimentally. Since &(T) = £(0)¢~ /% where t = |T — T.|/T.,

Hop= 2o T T (4.95)
HOiT 2 = 2}:5(0)2 Tc s .
and so by measuring the gradient of H(T) near to T, one can easily find the

corresponding £(0).

Itisalsointeresting to compare this expression for H, with the corresponding
result for H, which we found earlier. Using the GL expression for the total
energy in the Meissner state we had found that

a
H, = W(;ﬂ. -7,
— ®0 .
Con ,u.gx/ﬁf A
H(.'Z
= N s (4.96)
and therefore
H. = 2k H,. (4.97)

From this we can deduce that for superconductors with k > I,fﬁ we will
have Hy > H,, and the phase transition will be second-order with the order
parameter growing continuously from zero at fields just below H;, that is, we
will have a type II superconductor. On the other hand, for superconductors with
K = 1{'«/2_’ we will have H. = H,, and the phase transition will be a first-
order phase transition at the field H,, below which the order parameter jumps
discontinuously to a finite value. The Abrikosov theory therefore describes the
difference between type | and type Il superconductors,

1
<5 type 1,
> —]E type 1L
The lincarized GL equation allows us to find at A, but does not immediately
tell us anything about the form of the solution below this field. To do this we



must solve the nonlinear equation, Eq. 4.80. This is very hard to do in general,
but Abrikosov made a brilliant guess and came up with essentially the exact
solution! He could see from the solutions to the linearized equation, Eq. 4.80,
that only the harmonic oscillator ground state solutions n = 0 and k; = 0 will
be significant. However, there are still an infinite number of degenerate states,
corresponding to the different possible &, values,

W(r) = Cell?) g~ lT—RY /Y (4.98)

where C is a normalization constant. Here we have used the fact that the ground
state wave function of a quantum harmonic oscillator is a gaussian function.
The width of the gaussian solution to Eq. 4.88 turns out to be the GL coherence
length £(T)

Abrikosov’s trial solution was to assume that we can combine these solutions
into a periodic lattice. If we look for a solution which is periodic in y with period
I,, then we can restrict the values of &, to

2w
ky = " (4.99)

¥
with n any positive or negative integer. The corresponding Landau levelx shift is
i . (4.100)

xnQ=— n=——~anm .
v mwely Bl
Therefore we can try a periodic solution

YTy = Z Cs GH2mnyjly) e—(a-+n¢.3;m}.32 ¥i3 ('.f')ﬂ_ (4.101)

n=—00, 00

In this solution we can view the parameters C,, as variational parameters which
are to be chosen to minimize the total GL free energy of the system.

The solution above is periodic in v, but not necessarily periodic in x.
Abrikosov noted that it can be made periodic in x provided the coefficients obey

Cpiv = Cp (4.102)
for some integer v. The period is I, where
Dy

le =v—o-. 4,103

v B, ( )

Abrikosov studied the simplest case, v = 1 which corresponds to a simple
square lattice. Later it was shown that a slightly lower total energy is obtained
for the v = 2 case and the minimum energy state corresponds o a simple
triangular lattice. In each case the order parameter ¥ (r) goes to zero at one
point in each unit cell, and there is exactly one flux quantum ®¢ per unit cell.
Therefore the solution is a periodic lattice of vortices. This is illustrated in
Fig. 4.7.

Experimental evidence for the Abrikosov flux lattice comes from a variety
of methods. In a “flux decoration” experiment small paramagnetic particles are
dusted onto the surface of the superconductor (just like the children’s experi-
ment to see magnetic fields of a bar magnet using iron filings on paper above
the magnet!}. The particles concentrate at the points of highest magnetic field,
that is, the vortices. Other similar methods involve scanning a small SQUID
loop or Hall probe just above the surface of the superconductor to directly
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Fig. 4.7 The Abrikosov flux lattice, The fig-
ure shows the amplitude of the order param-
eter, |y (r)|* for the lowest energy triangular
lattice, Each triangular unit cell contains one
quantum, $o, of magnetic flux and contains
one vortex where ¥ (r) = 0. In terms of the I,
and Jy lattice periodicities used in Section 4.9,
by = /31, and the rectangular unit cell f; » Iy
(dashed line) contains two vortices and two
flux guania.

measure the variation of the local flux density B(r). For most ordinary type 11
low T, superconductors, such as Pb or Nb, these experiments indeed show that
the vortices form a fairly regular hexagonal lattice. The lattice can be periodic
over quite long length scales, but is disrupted now and then by defects. These
defects (exactly analogous to crystal dislocations or point defects) tend to con-
centrate near defects in the underlying crystal lattice (such as grain boundaries,
impurities, etc.).

Another method of observing the order in the flux lattice is o use neutron
scattering. The neutrons have a magnetic moment, and so are sensitive to the
magnetic field B(r). If this is periodic, as in the Abrikosov flux lattice, then there
will be diffraction. The diffraction pattern can be used tofind the geometry of the
flux lattice. Again the majority of systems studied are found to have triangular
lattices. But, interestingly, a square lattice has now been found in a few recently
discovered superconductors, These are: the “borocarbide™ system ErNi; B2C,
the high temperature superconductor YBa;Cu3zO7_; and the possible p-wave
superconductor strontium ruthenate SroRuQOy. All of these have been found to
have square vortex lattices in at least some range of external fields. It may be
that this is simply because of small corrections to the original Abrikosov theory
(such as terms omitted in the standard GL equations, such as higher powers of
¥, like |y, or higher order gradients). In fact the square lattice and triangular
lattice have energies differing by less than 1% in the Abrikosov solution. But in
some cases it seems more likely to be due to the fact that the underlying form
of superconductivity is “unconventional,” meaning that the Cooper pairs have a
different symmetry from the normal BCS case. We shall introduce these ideas
briefly in Chapter 7.

Finally, we should note that while the Abrikosov solution is essentially exact
just below H,z, it cannot necessarily be applied far away from there, such as at
H.i. As we have seen, near to H,2 the vortices are close together, separated by
distances of order the coherence length £(T). Effectively they are so densely
packed that their cores are essentially touching. On the other hand, just at H
we have very few vortices in the entire sample, and so they are well separated.



We can estimate of the lower critical field H,; from the energy balance for the
very first few vortices to enter a superconductor in the Meissner phase. One
can show that a single London vortex has an energy of approximately (see

Exercise 3.3)
@2 A
E=—2 _m|{= 4104
41 pgh® ! (%) ( )

per unit length. Therefore in a superconductor with N /A flux lines per unit area
and thickness L, there will be a total energy cost EN/A per unit volume due
to the vortices. But on the other hand, each vortex carries a flux &g, and so
the average magnetic induction in the sample is B = ®gN /A, The magnetic
work gained by the presence of the vortices is pofdM = HdB (at constant H).
Energy balance therefore favors the presence of the vortices when

N N
E— < Hop—. 4.1
3 < H%og (4.105)

Thus it becomes energetically favorable for the vorfices to enter the sample
when H = H., where

Hy = %‘;12 in (;—“) (4.106)
This is obviously the lower critical field, and can be simply expressed as
H. = e In(x). (4.107)
V2

This expression is only valid when x > 1/+/2, that is, in the London vortex
limit.

4.10  Thermal fluctuations
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