
Superconductivity M2 ICFP 2026 

Lecture 2 (hours 5-8) 

Hour 5 

(from J.F. Annett “Superconductivity, Superfluids and Condensates”) 

(we keep continuous numbering for the GL theory section) 

 

 

 

 

 

 

         



  



  



 

  



  



 

  

4.5. 



 

  

NB. In the formula (4.52)  the charge 
is negative 



We have now two GL equations which along with boundary conditions provide a full set of 
differential equations to solve. These equations immediately lead us to important physical properties 
of superconductors. 

A link for the textbook by Schmidt “The Physics of Superconductors. Introduction to Fundamentals 
and Applications” https://link.springer.com/book/10.1007/978-3-662-03501-6 

Hour 6. 

4.6. Coherence length. 

Let us consider a homogeneous SC 𝜓(𝑟) = 𝜓! = '"!
#
= '|𝛼|𝛽  everywhere except a weaker region in 

which the OP is not as strong as others regions of the same superconductor. No magnetic field is 
applied. We try to see at which spatial scale the OP evolves from this (weaker region) to a normal (𝜓!) 
OP. Since the depletion of the order parameter is weak we can write 𝜓(𝑟) = 𝜓!(1 − 𝜀(𝑟⃗)) where 
𝜀(𝑟) ≪ 1. For simplicity we will consider the planar geometry, (𝑥) = 𝜓!(1 − 𝜀(𝑥)) . The weak 
location is situated at 𝑥 = 0 Let us put this to the first GL equation: 

−
ℏ#

2𝑚∗
𝑑#

𝑑𝑥# 𝜓
(𝑥) + 𝛼𝜓(𝑥) + 𝛽|𝜓(𝑥)|#𝜓(𝑥) = 0 

 

𝜓!
ℏ2

2𝑚∗
𝑑2

𝑑𝑥2 𝜀
(𝑥)+ 𝛼𝜓!(1 − 𝜀(𝑥))+ 𝛽𝜓!%-1 − 𝜀(𝑥).

% = 0 

Since 𝜀(𝑥) ≪ 1 

𝜓!
ℏ2

2𝑚∗
𝑑2

𝑑𝑥2 𝜀
(𝑥)+ 𝛼𝜓!(1 − 𝜀(𝑥))+ 𝛽𝜓!%-1 − 3𝜀(𝑥). = 0 

If we define 𝜉# = ℏ!

#'∗|)|
 and 𝜓! = '|𝛼|

𝛽  , we get (since 𝛼 + 𝛽𝜓0
2 + 1−𝛼𝜀(𝑥) + 3𝛽𝜓0

2𝜀(𝑥)2 =

0 + 2𝛼𝜀(𝑥) = 2𝛼𝜀(𝑥) ) 

𝜉#
𝑑#

𝑑𝑥# 𝜀
(𝑥) − 2𝜀(𝑥) = 0 

with the condition 𝜀(𝑥 → ∞) = 0. The solution of tis equation is 

𝜀(𝑥) = 𝜀(0)𝑒−
√2𝑥
𝜉  

i.e. the recovery of the OP locally weakened at 𝑥 = 0 is not immediate but takes place on the 
scale of 𝜉. 

NB. 𝜉 is called “coherence length”. It depends on temperature (diverges at 𝑇 → 𝑇))  as 

𝜉(𝑇) = 7
ℏ#

2𝑚∗|𝛼(𝑇)|8
-/#

= 7
ℏ#

2𝑚∗𝑎9(𝑇𝐶 − 𝑇)
8
-/#

 



This scale (1-100nm)  is very important as it gives, in addition to London/GL penetration 

depth 𝜆+ = 7 ,"
-#.$"!

8
//#

≈ 𝜆1+ = 7 ,∗2
#-#.$|3|

8
//#

= 7 ,∗4
#-#.$56(8&98)

8
//#

 (at 𝑇 → 𝑇)) the second 

characteristic scale of SC. 

NB. We see that while both 𝜉(𝑇) and 𝜆(𝑇) diverge at 𝑇 → 𝑇) , their ratio does not: 

𝜅 = 𝜆
𝜉;  

The parameter 𝜅 is very important as it decides the type of SC. 

 

NB. A similar example provided by J. F. Annett and presented below is not physically correct, as there 
is no physical meaning of putting the OP to zero at the S-N interface. Rather, at S-N interface there is 
so-called “proximity effect” that we will discuss in the next section. 

 

 

 

4.7. Proximity effect 

The strength of GL theory is also to predict the so-called proximity effect which is the building block 
of Josephson junctions. In fact, when a superconductor is brought in a (very good) contact to a non 



superconducting material (metal, semiconductor or even insulator) the superconducting electrons can 
leak outside and induce quantum coherent state in the vicinity of the interface. The scale of this effect 
strongly depends on materials used. In general, the proper description requires microscopic theories 
(BCS, Usadel etc.) and cannot be done within GL. Here we will give a specific example: a junction 
between two superconductors with different critical temperatures,  (𝑇;" and 𝑇;<), brought in good 
contact: 𝑇;< > 𝑇;", . 𝑇;< − 𝑇;" ≪ 𝑇;". The temperature of the specimen 𝑇 is chosen to satisfy the 
inequality 𝑇;" < 𝑇 < 𝑇;<, hence the material with the critical temperature 𝑇;" is in the normal state. 
The interface between the two materials is flat and coincides with the plane 𝑥	 = 	0. The 
superconductor occupies the semispace 𝑥	 > 	0, and the “normal” metal 𝑥	 < 	0. The behavior of the 
order parameter in the S region (𝑥	 > 	0) can be determined by solving the first GL equation (reduced 

form 𝜓(𝑟) → 𝜓(𝑟⃗)/𝜓! with 𝜓! = '|𝛼|
𝛽  ) 

−
ℏ
2𝑚∗

#

:∇<<⃗ +
𝑖2𝑒
ℏ 𝐴<<⃗ >

2

𝜓(𝑟⃗) − |𝛼|𝜓(𝑟⃗) + 𝛽|𝜓(𝑟⃗)|2𝜓(𝑟⃗) = 0 

−
ℏ
2𝑚∗

#

?
|𝛼|
𝛽 :∇<<⃗ +

𝑖2𝑒
ℏ 𝐴<<⃗ >

2

𝜓(𝑟⃗) − ?
|𝛼|
𝛽
|𝛼|𝜓(𝑟⃗) + ?

|𝛼|
𝛽
|𝛼|
𝛽 𝛽|𝜓(𝑟⃗)|2𝜓(𝑟⃗) = 0 

−
ℏ
2𝑚∗

#

:∇<<⃗ +
𝑖2𝑒
ℏ 𝐴<<⃗ >

2

𝜓(𝑟⃗) − |𝛼|𝜓(𝑟⃗) + |𝛼||𝜓(𝑟⃗)|2𝜓(𝑟⃗) = 0 

By dividing by  |𝛼|: 

−
ℏ
2𝑚∗

# 1
|𝛼| :∇

<<⃗ +
𝑖2𝑒
ℏ 𝐴<<⃗ >

2

𝜓(𝑟⃗) − 𝜓(𝑟⃗) + |𝜓(𝑟⃗)|2𝜓(𝑟⃗) = 0 

 

−𝜉# :∇<<⃗ +
𝑖2𝑒
ℏ 𝐴<<⃗ >

2

𝜓(𝑟⃗) − 𝜓(𝑟⃗) + |𝜓(𝑟⃗)|2𝜓(𝑟⃗) = 0 

Now, in one dimension, and considering 𝜓	 real, 

−𝜉#𝑑2𝜓(𝑥)/𝑑𝑥# − 𝜓(𝑥) + 𝜓3(𝑥) = 0 

Which is possible to integrate it directly: 

−𝜉# 7
𝑑𝜓(𝑥)
𝑑𝑥 8

#

− 𝜓2(𝑥) +
1
2
𝜓
4

(𝑥) = 𝐶𝑡𝑒 

(since 
/0#𝜓(%)#% 1

!

/2
= 2 /!

/2!
𝜓(𝑥) /𝜓

/2
,    /(𝜓

2)
/2

= 2𝜓(𝑥) /𝜓
/2

,    and 
/312𝜓

4
4

/2
= 2𝜓3(𝑥) /𝜓

/2
  ) 

Since at (𝑥 → ∞) we have /𝜓(2)
/2

→ 0 and 𝜓(𝑥)→ 1, the integration constant is 𝐶𝑡𝑒 = −1/2. 
Substituting this into the equation and carrying out the integration, we obtain  

𝜓(𝑥) = tanh	((𝑥 − 𝑥0)/E2𝜉) 



Here 𝑥8 is the integration constant to be determined from the boundary condition at 𝑥 = 0: no 
current should spontaneously flow through the boundary. In our case this condition leads to 
𝑥8 < 0 (i.e. the OP is still not zero at 𝑥 = 0). The precise value of 𝑥8, in general, should be 
calculated using the microscopic theory.  

Its geometrical significance becomes evident from Figure 3.2. 

Consider now the behavior of the order parameter 𝜓(𝑥) in the normal region 𝑥 < 0. Since the 
material is just above its SC transition, 𝛼" > 0 and the first GL equation reads 

−𝜉9#
𝑑#

𝑑𝑥# 𝜓
(𝑥) + 𝜓(𝑥) + 𝜓3(𝑥) = 0 

With 𝜉9# =
ℏ!

#'∗|𝛼𝑛|
. Since the induced OP is very small the cubic term can be neglected. Then, 

taking the limit conditions 𝜓(𝑥 → −∞) = 0 we get the solution 

𝜓(𝑥) = 𝜓(0)𝑒
−	|𝑥|𝜉𝑛  

The “normal” coherence length depends on electronic properties of the material. It varies 
from 1nm (in insulators) up to microns in good metals with high mean free path 𝑙 ≫ 𝜉9. 

 

 



4.8. Power Point presentation on Proximity effect as observed by STM.

 



 

 



 

 



 

 



 

 



 

 



 

 



 

 



Hour 7. 

4.9. Flux quantization within the GL formalism. 

 With respect to London equation,  

𝚥<HH⃗ = − ;
ABC,

$ 𝐴 , 𝜆+ = I ,;$

AB"-.$
J
//#

 (CGS) 

or	

𝚥<HH⃗ = − /
-#C,

$ 𝐴 , 𝜆+ = I ,
-#"-.$

J
//#

 (SI) 

𝑗< = −
(2𝑒)#

𝑚∗ 𝑛<𝐴 

Second GL equation has a similar term: 

−
(2𝑒)#

𝑚∗ |𝜓|#𝐴 

which immediately tells us about the meaning of |𝜓|#. But, very importantly, it also has an additional 
QM term related to the gradients of the wave function: 

−𝑖
(2𝑒)ℏ
2𝑚∗ -𝜓

∗∇HH⃗ 𝜓 − 𝜓∇HH⃗ 𝜓∗. 

It tells us that supercurrents could flow owing gradients of the OP (but only if the OP is complex, i.e. 
contains a phase!!!). 

 

Case 1: macroscopic SC sample with a macroscopic hole (similar to what we already considered, see 
hour 3).  

Let us consider a macroscopic superconductor with a hole drilled inside. Let us chose a closed loop 
inside the material far from the hole (≫ 𝜆+). From the London equation we get  on the loop 

𝑗<
EFFG = 0, 𝐻EFFG = 0 

Consider second GL equation 

𝑗< = −𝑖
(2𝑒)ℏ
2𝑚∗ -𝜓

∗∇HH⃗ 𝜓 − 𝜓∇HH⃗ 𝜓∗. −
(2𝑒)#

𝑚∗ |𝜓|#𝐴 

 

Since the loop is far from the hole amplitude of the order parameter does not depend on position, only  
the phase could depend:	𝜓(𝜃(𝑟)) = |𝜓|𝑒HI(J) 

𝑗< =
(2𝑒)#

𝑚∗ |𝜓|# S
ℏ
2𝑒
∇HH⃗ 𝜃 − 𝐴T 

Since on the loop 𝑗< = 0, this results in:  ℏ
#.
∇HH⃗ 𝜃 = 𝐴. 



Let us now take a path integral from both parts over the loop. We get 

ℏ
2𝑒
U𝑑𝑠 ∇HH⃗ 𝜃 = U𝑑𝑠 𝐴 

By Stoke’s theorem  

NB: Anecdote about the Stoke’s theorem. Lord Kelvin communicated it to George Stokes in a letter 
dated July 2, 1850 (without demonstration). Stokes set the theorem as a question on the 1854 Smith's 
Prize exam, which led to the result bearing his name, even though it was actually first published by 
Hermann Hankel in 1861. 

U𝑑𝑠 𝐴 = W𝑑𝑆 𝑟𝑜𝑡-𝐴. = W𝑑𝑆𝐵H⃗ = Φ 

Φ being the magnetic flux across the loop. Thus we have 

ℏ
2𝑒
U𝑑𝑠 ∇HH⃗ 𝜃 = Φ 

 

One immediately sees that 𝜃 is not uni-defined, but 𝜓(𝑟) should be. Finally, if the phase accumulation 
along th loop is 2𝜋𝑛, then 𝜓(𝜃(𝑟⃗) + 2𝜋𝑛) = |𝜓|𝑒H(I(J⃗)M#B") = |𝜓|𝑒HI(J⃗) = 𝜓(𝜃(𝑟)), i.e. the wave 
function is uni-evaluated. It means that whatever the path is 

U𝑑𝑠 ∇HH⃗ 𝜃 = 2𝜋𝑛 

should hold. We finally get 

Φ = nΦ! = n
ℎ
2𝑒

 

with Φ! =
N;
#.
= 2.07 ∙ 109O𝐺𝑎𝑢𝑠𝑠 ∙ 𝑐𝑚# (SGS) or Φ! =

N
#.
= 2.07 ∙ 109/P	𝑊𝑏 (SI). The value Φ! is 

the superconducting flux quantum. 

 

Case 2: macroscopic SC sample with a small circular hole.  

As in the previous case we have a macroscopic superconductor, but now we consider a very small 
cylindrical hole. Let us consider a loop around it with a radius 𝑅 ≪ 𝜆+. At such a short distance from 
the edge there is no magnetic screening, and we can consider 𝐵H⃗ (𝑟) = 	𝜇!𝐻HH⃗ .QR = 𝑐𝑡𝑒. 

Consider the second GL equation over the loop.  

𝑗< = −𝑖
(2𝑒)ℏ
2𝑚∗ -𝜓

∗∇HH⃗ 𝜓 − 𝜓∇HH⃗ 𝜓∗. −
(2𝑒)#

𝑚∗ |𝜓|#𝐴 

We integrate et take into account 𝚥<HH⃗ = 𝑒𝑛𝑣⃗<; we get 



𝑚∗

(2𝑒)
U𝑑𝑠 𝑣⃗< =

ℏ
2𝑒
U𝑑𝑠 ∇HH⃗ 𝜃 − U𝑑𝑠 𝐴 

The first term is the circulation of superconducting electrons; the second term is equal to nΦ!; the 
third term is the flux across the loop: 

Φ = nΦ! −
𝑚∗

(2𝑒)
U𝑑𝑠 𝑣⃗< 

i.e. for microscopic distances the flux is not quantized. To make it quantized we should require 

U𝑑𝑠 𝑣⃗< = 0 

NB. The circulation of the phase is always 	

U𝑑𝑠 ∇HH⃗ 𝜃 = 2𝜋𝑛 

 

Taking into account the circular symmetry of the problem we get: ∇HH⃗ 𝜃 = 𝑛/𝑅. This is peculiar: as if we 
make 𝑅 → 0 we get the phase singularity ∇HH⃗ 𝜃 → ∞. And it is indeed realized in superfluids/SCs – 
quantum vortices! 

 

Case 3: macroscopic SC ring.  

  



 

  



 

 

 

 

 

  



  

4.10. 



  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hour 8. 

5. Vortex Matter in Superconductors 

5.1. S-N interface energy. Type I and Type II SCs. 

Here we will try to understand why there are two kinds (types) of superconductors. For this 
we will consider a SC sample at a field very close to the critical one. We will calculate the 
energy at the interface between already normal and yet superconducting regions of the 
sample. 

 

First step. It is possible to express the thermodynamical critical field in terms of 𝜉 and  𝜆. We 

know that the total condensation energy is 𝐹; − 𝐹< = − =(>)
!

#
. Within the GL theory we 

showed that at equilibrium the OP 𝜓  takes the value 



|𝜓|# = −
𝛼
𝛽 =

|𝛼|
𝛽  

At this this (thermodynamic equilibrium) value the free energy is 

𝐹; = 𝐹< − |𝛼||𝜓|# +
𝛽
2
|𝜓|? = 𝐹< −

|𝛼|#

2𝛽 = 	𝐹< −
𝑎9#

2𝑏
(𝑇@ − 𝑇)# 

We therefore have : 

𝐻@ =
𝑎9

Q𝜇8𝑏
(𝑇@ − 𝑇) 

We now replace 𝑎9 and 𝑏 by characteristic lengths of superconductivity : 

𝜉(𝑇) = 7
ℏ#

2𝑚∗|𝑎9(𝑇@ − 𝑇)|
8
-/#

 

𝜆(𝑇) = :
𝑚∗𝑏

4𝜇8𝑒#|𝑎9(𝑇@ − 𝑇)|
>
-/#

 

 

We notice that  

1
𝜉(𝑇)𝜆(𝑇) = 7

4𝜇8𝑒#|𝑎9(𝑇@ − 𝑇)|2𝑚∗|𝑎9(𝑇@ − 𝑇)|
ℏ#𝑚∗𝑏 8

-/#

=
2𝑒
ℏ √2𝜇8𝐻@  

And we finally get for 𝐻@(𝑇) 

𝜇8𝐻@(𝑇) =
Φ8

2𝜋√2	𝜆(𝑇)𝜉(𝑇)
 

Now it becomes possible to rewrite GL equations using the reduced OP |𝜓A(𝑟)|# ∈ [0,1], as 

𝜓(𝑟⃗) = 	𝜓8	𝜓A(𝑟)  (𝜉# =
ℏ!

#'∗|)|
 and 𝜓8 = \

|)|
B

): 

−𝜉# :∇<<⃗ +
𝑖2𝑒
ℏ 𝐴>

#

𝜓A(𝑟) − 𝜓A(𝑟) + |𝜓A(𝑟)|#𝜓A(𝑟) = 0 

In this reduced Op notation the free energy density: 

 

𝑓;(𝑇) = 𝑓9(𝑇) +	
ℏ#

2𝑚∗ `:∇<<⃗ +
𝑖2𝑒
ℏ 𝐴>𝜓(𝑟)`

#

− |𝛼||𝜓(𝑟)|# +
𝛽
2
|𝜓(𝑟)|? 

becomes for the reduced OP 𝜓(𝑟⃗) → 𝜓A(𝑟)\
|)|
B

 



𝑓;(𝑇) = 𝑓9(𝑇) +	
|𝛼|
𝛽

ℏ#

2𝑚∗ `:∇<<⃗ +
𝑖2𝑒
ℏ 𝐴>𝜓A(𝑟)`

#

−
|𝛼|
𝛽
|𝛼||𝜓A(𝑟⃗)|# + 7

|𝛼|
𝛽 8

# 𝛽
2
|𝜓A(𝑟)|? 

𝑓;(𝑇) = 𝑓9(𝑇) +	
|𝛼|#

𝛽 𝜉# `:∇<<⃗ +
𝑖2𝑒
ℏ 𝐴>𝜓A(𝑟)`

#

−
|𝛼|
𝛽
|𝛼||𝜓A(𝑟⃗)|# + 7

|𝛼|
𝛽 8

# 𝛽
2
|𝜓A(𝑟⃗)|? 

 

Now, remember that the condensation energy is − |)|!

#B
=	− =(>)

!

#
. We can write : 

𝑓;(𝑇) = 𝑓9(𝑇) + 	2
𝜇8𝐻@#

2 a−	𝜉# `:∇<<⃗ +
𝑖2𝑒
ℏ 𝐴>𝜓A(𝑟)`

#

− |𝜓A(𝑟⃗)|# +
1
2
|𝜓A(𝑟)|?b 

The total free energy should also include the energy of the expelled field =(>
!

#
: 

𝑓;(𝑇, 𝐻) = 𝑓9(𝑇) + 	2
𝜇8𝐻@#

2 a−	𝜉# `:∇<<⃗ +
𝑖2𝑒
ℏ 𝐴>𝜓A(𝑟)`

#

− |𝜓A(𝑟)|# +
1
2
|𝜓A(𝑟)|?b +	

𝜇8𝐻#

2  

One can now calculate the Gibbs energy in terms of 𝜓A(𝑟). 

Second step. Let us now consider the SC in a magnetic field very close to the critical one. If 
the sample is a long cylinder – we know the solution. However, if the shape of the sample is 
different, the magnetic field will penetrate first at its sides where the magnetic energy is 
higher. Close to transition 𝐻 ≤ 𝐻C it will lead to a non-homogeneous intermediate state of a 
SC where normal and superconducting regions alternate. In fact, we already showed that the 
Gibbs energy of the normal part (with penetrated critical field 𝜇8𝐻C is exactly equal to the 
Gibbs energy of superconducting parts where 𝜇8𝐻 = 0. The only energy term which may 
remain and may decide the existence of the intermediate state is the energy near S-N 
boundaries. Indeed, at the S-N interface two things happen : i) – the field is screened in S-part 
but penetrates the N-part on the scale of 𝜆(𝑇) ; ii) –the OP is maximum far in the S-part and 
vanishes deep in the N-part on a scale of  𝜉(𝑇). Since bothe OP and magnetic field enter the 
free energy, the free energy near the interface could be positive or negative depending on 𝜅 =
𝜆
𝜉e . 

Third Step. Consider a S-N boundary perpendicular to x-axis ; the magnetic field is parallel to 
the boundary 𝐻<<⃗ = (0,0, 𝐻(𝑥)). If one takes Landau gauge 𝐴 = (0, 𝐴(𝑥), 0) one obtain GL 
equations in the form: 

−𝜉#
d#

dx# 𝜓A
(𝑥) + 𝜉# :

2𝜋2𝑒𝐴
ℎ >

#

𝜓A(𝑥) − 𝜓A(𝑥) + 𝜓A(𝑥)D = 0 

𝑑#𝐴
𝑑𝑥# = 7

𝜓A#(𝑥)
𝜆# 8𝐴 

By integrating one gets: 



:1 −
2𝜋2𝑒𝜉𝐴

ℎ >
#

𝜓A#(𝑥) −
1
2𝜓A

?(𝑥) + :
2𝜋2𝑒𝜉𝜆

ℎ >
#

:
𝑑𝐴
𝑑𝑥>

#

+ 𝜉# 7
𝑑𝜓A(𝑥)
𝑑𝑥 8

#

= 𝐶 

The constant C=1/2 is obtained from the condition in S–side far from the interface : 

 𝜓A(𝑥 → −∞) = 1, /E(2→GH)
/2

= 0, 𝐴(𝑥 → −∞) = 0 

From this, and using the above obtained formula for critical field we obtain: 

:
2𝜋2𝑒𝜉𝐴

ℎ − 1>
#

𝜓A#(𝑥) +
1
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Fourth step. In the general case we defined the Gibbs energy density as 𝑔 = 𝑓 − 𝜇8𝑀<<⃗ 𝐻<<⃗ , and 
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In our case we need to integrate over the x-axis only. By putting the obtained above 
differential equation for 𝜓A(𝑥)(𝐵) we get: 

𝜎9;(𝑇, 𝐻) = m [𝐺; − 𝐺9]	𝑑𝑥
LH

GH
= 	4

𝜇8𝐻@#

2 	m 𝑑𝑥
LH

GH
	w	𝜉# 7

𝑑𝜓A(𝑥)
𝑑𝑥 8

#

+	
𝐵(𝐵 − 𝜇8𝐻C)

2𝜇8#𝐻@#
x 

Let us analyze this result. At the S-N interface  𝜓A(𝑥) in the first term varies between 1 and 0 
at the scale of	𝜉. Therefore, the first integral is ~𝜉. The second term in the integral is always 
negative since 𝐵 ≤ 𝜇8𝐻C . Moreover, the magnetic term starts at 0 (since 𝐵 = 0 deep in the 
superconducting part) and finishes at 0 (since 𝐵 = 𝜇8𝐻C in the normal part). This function is 
about 1 at its maximum, and it is non-zero at te scale of the penetration depth 𝜆. Therefore, 
the second term is ~𝜆. We immediately see that if 

𝜅 = 𝜆
𝜉e ≪ 1 

then the interface energy is positive and the system will try to minimize the total surface of 
S/N boundaries. This is the case in type I superconductors. (NB : remind 𝑀(𝐻) plot here !) 
However, if 

𝜅 = 𝜆
𝜉e ≫ 1 

Then the interface energy is negative 



𝜎9;(𝑇, 𝐻) < 0 

In this case the thermodynamic systems gains energy by multiplying S/N boundaries !!! This 
is the case of type II superconductors. At the end the type II SCs create a large number of 
S-N boundaries. One sees that the system, still superconducting, will « prefer » to have a huge 
number of S/N interfaces. In this case each N-region will be as small as a SC can admit. 
Moreover, each such N-region should be cylinder-like (the largest surface with the minimum 
volume).  The minimum spatial scale that SC OP allows is 𝜉 - the minimum possible length in 
this case! This is the case of Abrikosov vortex. Abrikosov showed that the crossover between 
type I and type II SC takes place at   

𝜅 = 𝜆
𝜉e =

1
√2

 

 

5.2. Minimum size of the normal region. Abrikosov vortex. 

We can ask ourselves what is the minimal N-region allowed in a type II SC; the answer is 
straightforward from our previous calculation of the typical size of inhomogeneous OP – it 
should be of the order of 𝜉. If we consider such a normal region surrounded by SC one, then 
the external magnetic field penetrates a “hole” over > 𝜉 . Let us consider the flux over a 
closed loop chosen in S far enough (≫ 𝜆M) from the S/N  interface. Consider 2nd GL equation: 

𝑗; = −𝑖
(2𝑒)ℏ
2𝑚∗ }𝜓

∗∇<<⃗ 𝜓 − 𝜓∇<<⃗ 𝜓∗~ −
(2𝑒)#

𝑚∗ |𝜓|#𝐴 

 

Since the loop is far from the hole we can consider the constant amplitude of the order 
parameter (|𝜓| does not depend on position), only the phase could depend on 𝑟:	𝜓(𝜃(𝑟)) =
|𝜓|𝑒NO(A⃗). Putting this expression in the 2nd GL equation we obtain 

𝑗; =
(2𝑒)#

𝑚∗ |𝜓|# �
ℏ
2𝑒 ∇
<<⃗ 𝜃 − 𝐴� 

Since on the loop 𝑗; = 0, it results in ℏ
#Q
∇<<⃗ 𝜃 = 𝐴. 

Let us take now the path integral over the loop from both parts of this equation. We get 

ℏ
2𝑒�𝑑𝑠 ∇

<<⃗ 𝜃 = �𝑑𝑠 𝐴 

�𝑑𝑠 𝐴 = m𝑑𝑆 𝑟𝑜𝑡}𝐴~ = m𝑑𝑆𝐵<⃗ = Φ 

Φ being the magnetic flux across the loop. Thus we have 



ℏ
2𝑒�𝑑𝑠 ∇

<<⃗ 𝜃 = Φ 

 

We already obtained this result in the previous lecture when considering flux quantization 
over a macroscopic hole in a SC specimen. Since 𝜓(𝑟) is uni-defined, the phase accumulation 
along the loop should be 2𝜋𝑛,  

�𝑑𝑠 ∇<<⃗ 𝜃 = 2𝜋𝑛 

In order to minimize the energy of currents circulating around “hole”, the value 𝑛 is usually 1.  

Notice that the integral  

�𝑑𝑠 ∇<<⃗ 𝜃 = m𝑑𝑆 𝑟𝑜𝑡}∇<<⃗ 𝜃~ = 2𝜋 

may be seen as 𝑟𝑜𝑡}∇<<⃗ 𝜃~ = 2𝜋𝛿(𝑟8<<<⃗ )𝑢R<<<<⃗  

i.e. we have a phase singularity in 𝑟8<<<⃗  !! Indeed, taking into account the circular symmetry of 
the problem we get: ∇<<⃗ 𝜃 = 1/𝑟. This is peculiar: as if we make 𝑟 → 0 we get the phase 
singularity ∇<<⃗ 𝜃 → ∞. And it is indeed realized in superfluids/SCs – quantum vortices! 

 

NB. The dimensionality of 𝛿(𝑟8<<<⃗ ) = [𝑚G#] 

 

 

5.3. Abrikosov vortex lattice (optional) 

  



 

 

 



  



  



  



  



 

 

 


