
Superconductivity M2 ICFP 2025 

N.B. Here you will find what we saw and discussed during the lecture but also the additional 

information necessary for tutorials. 

Content of Lecture 1: 

1. Discovery of superconductivity. Zero resistance. Meissner state. Idea of attractive interaction. 

Applications. 

2. Reminder: How to measure transport and magnetic properties of solids. 

3. Consequences of the Meissner-Ochsenfeld diamagnetism (1933). First TD considerations.  

4. Idea of two-fluid model (London theory of superconductivity). London equations. 

5. Meissner effect. 

6. Non-local electrodynamics of superconductors 

7. Quantum generalization of London’s equations. Flux quantization. 

8. Appendix 1 and 2. 

 

1. Discovery of superconductivity. Main associated phenomena. Overview of theories, 

effects and applications. 

Power Point presentation and discussion . 

 



 

 



 

 



 

 



 

 



 

 



 

 



 

  



2. How to measure transport and magnetic properties of solids (reminder). 

Reminder 2.1. Please revise how to measure correctly the electric resistivity of materials (make a 

difference between 2 terminal and 4 terminal methods). It will help you understanding the peculiar 

geometry of the pioneering experiment by Kamerlingh Onnes. 

 

 

Reminder 2.2. Please revise how to measure 𝑀(𝐻): 

 

Explication de l’expérience. Soit un long solénoïde de section 𝑆 et de longueur 𝐿 comportant 

le nombre 𝑁 de spires. Une source externe fournit un courant électrique 𝐼  qui produit le champ 

magnétique à 𝑯 = 𝐼
𝑁

𝐿
𝑒𝑧 l’intérieur du solénoïde. Si l’échantillon placé à l’intérieur du solénoïde a 

une magnétisation 𝑴 = |𝑀|𝑒𝑧, alors le champ total (induction) à l’intérieur est 𝑩 = 𝜇0(𝑯 + 𝑴). 

Dans l’expérience, on augmente le courant (pendant un temps 𝑑𝑡 ) : 𝐼 → 𝐼 + 𝑑𝐼  . Ceci 

augmente le champ du solénoïde, 𝐻 → 𝐻 + 𝑑𝐼
𝑁

𝐿
. Si l’échantillon est absent ou n’a aucune 



magnétisation, 𝑀 = 0 , alors le flux magnétique Φ = 𝑁𝐵𝑆  augmente, Φ → Φ + 𝑁𝑆𝑑𝐵,  et une 

tension électrique 𝑉 = −𝑑Φ/𝑑𝑡 apparait aux bornes du solénoïde :  

𝑉 = −𝑁𝑆𝜇0 (
𝑑𝐻

𝑑𝑡
+

𝑑𝑀

𝑑𝑡
) = −𝑁𝑆𝜇0

𝑑𝐻

𝑑𝑡
≠ 0 

Par contre, si l’échantillon montre le diamagnétisme parfait, 𝑀 = −𝐻 , alors 
𝑑𝐵

𝑑𝑡
=

𝜇0 (
𝑑𝐻

𝑑𝑡
+

𝑑𝑀

𝑑𝑡
) = 𝜇0 (

𝑑𝐻

𝑑𝑡
−

𝑑𝐻

𝑑𝑡
) = 0 ; ainsi la tension aux bornes reste 𝑉 = 0 . C’est comme si le 

solénoïde n’avait pas d’inductance ( 𝑉(𝑡) = −ℒ ∙
𝑑𝐼

𝑑𝑡
= 0, avec 

𝑑𝐼

𝑑𝑡
≠ 0 ). 

Lors de ce processus, le travail total fourni par la source est 𝑑W = −𝑉𝐼𝑑𝑡 =
𝑑Φ

𝑑𝑡
∙ 𝐼𝑑𝑡 =

𝑑𝐵𝑁𝑆 ∙ 𝐻𝐿/𝑁 = 𝑆 ∙ 𝐿 ∙ 𝜇0(𝐻𝑑𝐻 + 𝐻𝑑𝑀). Le travail fourni par la source pour créer le champ 𝐻 dans 

le solénoïde seul (s’il n’y avait pas d’échantillon) est 𝑆 ∙ 𝐿 ∙ 𝜇0(𝐻𝑑𝐻). Cela veut dire que le travail 

𝑆 ∙ 𝐿 ∙ 𝜇0(𝐻 ∙ 𝑑𝑀) est fait sur l’échantillon pour augmenter sa magnétisation. Ainsi, par unité du 

volume, le travail fait sur le matériau pour augmenter sa magnétisation de 𝑑𝑀 est 𝜇0(𝐻 ∙ 𝑑𝑀). Dans 

le cas d’un supraconducteur 𝑀 = −𝐻,  et le travail est −𝜇0(𝐻 ∙ 𝑑𝐻). Ainsi, pour monter le champ de 

0 à H, la source de courant « fournit » le travail additionnel négatif (par unité du volume du 

supraconducteur) de 𝑊𝑠 = ∫ −𝜇0(𝐻 ∙ 𝑑𝐻) =
𝐻

0
−𝜇0𝐻2/2  (en effet, c’est le supraconducteur qui 

fournit ce travail en développant les courants d’écrantage). 

 

 

3. Consequences of the Meissner-Ochsenfeld diamagnetism (1933). First TD considerations.  

 

 

 

 

 

 

 

 

 

 

 

Figure. Typical phase diagram of a superconductor in field-current-temperature coordinates. 

 

Condensation energy. The fact that the superconducting (SC) state appears when temperature is 

lowered below some critical temperature 𝑇𝐶 witnesses that the SC state has a lower total energy than 

the normal (metallic) one. Moreover, the Meissner effect (i.e. complete and spontaneous expulsion of 



the external magnetic field from the bulk of the SC) indicates that the externally applied magnetic field 

𝐻⃗⃗⃗𝑒𝑥𝑡 does some work to create the oppositely directed magnetization 𝑀⃗⃗⃗ inside superconductor:  

𝐵⃗⃗𝑖𝑛𝑡 = 𝜇0(𝐻⃗⃗⃗𝑒𝑥𝑡 +  𝑀⃗⃗⃗)    (SI) 

𝐵⃗⃗𝑖𝑛𝑡 = 𝐻⃗⃗⃗𝑒𝑥𝑡 +  4𝜋𝑀⃗⃗⃗    (SGS) 

 

In the Meissner state, 𝐵⃗⃗𝑖𝑛𝑡 = 0, and we have 𝑀⃗⃗⃗ = −𝐻⃗⃗⃗𝑒𝑥𝑡 (SI), or 𝑀⃗⃗⃗ = −
1

4𝜋
𝐻⃗⃗⃗𝑒𝑥𝑡 (SGS). Therefore, if 

the external magnetic field is increased from some value 𝐻 to 𝐻 + 𝑑𝐻, the energy of the SC sample 

(per unit volume) will raise by  

𝑑𝐴 = −𝜇0𝑀𝑑𝐻 = 𝜇0𝐻𝑑𝐻   (SI) 

𝑑𝐴 = −𝑀𝑑𝐻 =
1

4𝜋
𝐻𝑑𝐻   (SGS) 

because of perfect diamagnetism. This energy is provided by the external field source. Finally, the 

total work done by the magnetic field source to drive the SC sample from zero-field state to some field 

𝐻⃗⃗⃗𝑒𝑥𝑡 < 𝐻𝐶  (i.e. the work to raise its diamagnetic moment from zero to 𝑀⃗⃗⃗ = −𝐻⃗⃗⃗𝑒𝑥𝑡  (SI), or 𝑀⃗⃗⃗ =

−
1

4𝜋
𝐻⃗⃗⃗𝑒𝑥𝑡 (SGS)  is 

𝐴 = 𝜇0 ∫ 𝐻𝑑𝐻
𝐻𝑒𝑥𝑡

0
= 𝜇0

𝐻𝑒𝑥𝑡
2

2
    (SI) 

𝐴 =
1

4𝜋
∫ 𝐻𝑑𝐻

𝐻𝑒𝑥𝑡

0
=

𝐻𝑒𝑥𝑡
2

8𝜋
   (SGS) 

 

Therefore, the maximum work can be done by increasing the field from 0 up to the critical field 𝐻𝐶 

(which is a function of temperature, 𝐻𝐶 = 𝐻𝐶(𝑇) ), while keeping temperature 𝑇 constant.  

N.B. In the above calculation we considered that all work is done inside superconductor, i.e. the total 

energy would simply be 𝐴 times the sample volume. This is only true in the case when there is no 

magnetic lines due to 𝑀⃗⃗⃗ outside superconductor, as otherwise we should also integrate over the outer 

space. Experimentally, the considered situation corresponds to a long cylindrical sample with the 

external magnetic field 𝜇0𝐻⃗⃗⃗𝑒𝑥𝑡 directed parallel to its axis. 

When the external field reaches 𝐻𝐶(𝑇) the material is right at the phase transition between the SC and 

normal state. The superconducting state and the normal state have at this point the same total (free) 

energies, 

𝐹𝑁(𝑇, 𝐻𝐶) =  𝐹𝑆(𝑇, 𝐻𝐶) 

The energy of the superconducting state on the right side of this equation is just 𝐹𝑆(𝑇, 𝐻𝐶) =

𝐹𝑆(𝑇, 0) + 𝜇0
𝐻𝑒𝑥𝑡

2

2
 (SI). On the left side we have the free energy of the normal state. This energy does 

not depend significantly on magnetic field (as we deal with a non-magnetic metallic material), and 

therefore it is equal to the free energy of the same material in the normal state in zero-magnetic field, 

𝐹𝑁(𝑇, 𝐻𝐶) = 𝐹𝑁(𝑇, 0). By substituting the right and the left parts of the above equation we obtain 



𝐹𝑁(𝑇, 0) =  𝐹𝑆(𝑇, 0) + 𝜇0

𝐻𝐶(𝑇)2

2
 

 

, or yet the energy difference between the normal and superconducting states at zero-field, 

𝐹𝑁(𝑇, 0) −  𝐹𝑆(𝑇, 0) = 𝜇0

𝐻𝐶(𝑇)2

2
 

We obtained, as expected, that the energy of the superconducting state is lower that the energy of the 

underlying (hypothetic) normal state. This is why from the TD perspective the system is in the SC and 

not in the normal state.  

N.B. We expressed the energy difference in terms of the external field; it does not mean however that 

the magnetic field is a relevant microscopic parameter of superconductivity. 

This amount of energy density (energy per unit of volume) is called “condensation energy”. We will 

justify this term later when studying the microscopic BCS theory of superconductivity. 

Experimentally, most of (type I) superconductors have a specific 𝐻𝐶 = 𝐻𝐶(𝑇) dependence : 

 

Starting from the known 𝐻𝐶 = 𝐻𝐶(𝑇) function and the above expression for 𝐹𝑁(𝑇, 0) −  𝐹𝑆(𝑇, 0) we 

can find several interesting results.  

 

The entropy of the SC state. First, considering the free energy, 𝐹 = 𝑈 − 𝑇𝑆, and 

𝑑𝐹 = 𝑑𝑈 − 𝑆𝑑𝑇 − 𝑇𝑑𝑆 

Since our processes are reversible, we have 𝑇𝑑𝑆 = 𝛿𝑄, (where 𝛿𝑄 is the amount of the heat related to 

𝑑𝑆). At the same time, 𝛿𝑄 = −𝛿𝑊 + 𝑑𝑈 (since the internal energy is 𝑑𝑈 = 𝛿𝑊 +  𝛿𝑄) where 𝛿𝑊 is 

the amount of external work done by the SC. If such a work is not done,  

𝛿𝑊 = 0 

And therefore, 𝛿𝑄 = 𝑑𝑈. Now by putting this to the above expression for 𝑑𝐹 we get 

𝑑𝐹 =  𝛿𝑄 − 𝛿𝑄 − 𝑆𝑑𝑇 = −𝑆𝑑𝑇 



Thus, we can express the entropy as 

𝑆 = − (
𝑑𝐹

𝑑𝑇
)

𝑊,𝑉=𝑐𝑡𝑒
  

While we do not know the free energy of SC and normal state separately, we know their difference. 

We can write 

𝑆𝑆 − 𝑆𝑁 = (
𝑑𝐹𝑁

𝑑𝑇
) − (

𝑑𝐹𝑆

𝑑𝑇
) = 𝜇0𝐻𝐶

𝑑𝐻𝐶

𝑑𝑇
 

 

By analysing 𝐻𝐶(𝑇) dependence one sees that: 

1) 
𝑑𝐻𝐶

𝑑𝑇
(𝑇 → 0) = 0, and therefore 𝑆𝑆(𝑇 → 0) → 0. This is fine as at 𝑇 = 0 : 

𝑆𝑆(𝑇 = 0) = 𝑆𝑁(𝑇 = 0) = 0. 

 

2) 
𝑑𝐻𝐶

𝑑𝑇
(0 < 𝑇 < 𝑇𝐶) < 0 ; and therefore 𝑆𝑆 − 𝑆𝑁 < 0,  

 

i.e. the SC state is more ordered as compared to the normal one ! 

 

3) A 𝑇 → 𝑇𝐶 and zero-field 𝐻 = 0 the difference 𝑆𝑆 − 𝑆𝑁 → 0 since 𝐻𝐶 = 0 . There is no latent 

heat; we have a 2
nd

 order phase transition. 

4) A 𝑇 < 𝑇𝐶  the S-N transition takes place in a magnetic field; in a magnetic field we have 

𝑆𝑆(𝐻𝐶 , 𝑇 < 𝑇𝐶) < 𝑆𝑁(𝐻𝐶 , 𝑇 < 𝑇𝐶), and the transition to the normal state is of the 1
st
 order 

phase transition.  

 

Specific heat. The knowledge of the specific heat is very important in physics and chemistry as it 

enables one in detecting and following different phase transitions. By definition, the specific heat is : 

𝑐 =
𝛿𝑄

𝑑𝑇
= 𝑇(𝑑𝑆/𝑑𝑇)  (reversible processes). By putting in this formula the result for the entropy 

difference 𝑆𝑆 − 𝑆𝑁 found in the previous section, we can calculate the difference between the specific 

heats of the SC and normal states  

𝑐𝑆 − 𝑐𝑁 = 𝜇0𝑇 [ (
𝑑𝐻𝐶

𝑑𝑇
)

2

𝑊,𝑉=𝑐𝑡𝑒
+  𝐻𝐶

𝑑2𝐻𝐶

𝑑𝑇2
] 

At the critical temperature 𝑇 = 𝑇𝐶 and 𝐻𝐶 = 0, 

𝑐𝑆 − 𝑐𝑁 = 𝜇0𝑇𝐶  (
𝑑𝐻𝐶

𝑑𝑇
)

2

𝑇𝑐

 

 

i.e. one expect a finite height jump of 𝑐𝑆 − 𝑐𝑁 at 𝑇𝐶. This effect is experimentally observed: 

 



 
 

Theoretic cp(T) curve 

 
Experimental cp/T(T) curves measured in 
AlPd15B7 

 

 

4. Idea of two-fluid model (London theory of superconductivity). London equations. 

Global TD considerations are not sufficient to describe local characteristics of superconductors such as 

currents or magnetic field distributions. The London brothers were first who suggested combining the 

electron energy considerations with Maxwell equations. The first London’s hypothesis was that at 

0 <  𝑇 < 𝑇𝐶 there are normal (resistive, Drude-like) electrons and the superconducting electrons 

𝑛 = 𝑛𝑛 + 𝑛𝑆 

When 𝑇 → 0  𝑛 → 𝑛𝑆 , and when → 𝑇𝐶 𝑛 → 𝑛𝑛, which seems reasonable. 

 

First London equation. The first London equation simply comes from the classical motion equation 

for the SC electrons which (unlike Drude electrons) move without any dissipation: 

𝑛𝑠𝑚
𝑑𝑣𝑠⃗⃗⃗⃗⃗

𝑑𝑡
= 𝑛𝑠𝑒𝐸⃗⃗  

where 𝑚 is the SC electron mass, 𝑒 is their charge, 𝑣𝑠⃗⃗⃗⃗  is the superfluid velocity. Since by definition 

𝑗𝑠⃗⃗⃗ = 𝑛𝑠𝑒𝑣𝑠⃗⃗⃗⃗  we have : 

𝐸 =
𝑑

𝑑𝑡
(Λ 𝑗𝑠⃗⃗⃗) 

where Λ =
𝑚

𝑛𝑠𝑒2 . This is just the 2
nd

 Newton’s law: in the stationary state 𝑗𝑠⃗⃗⃗ = 𝑐𝑡𝑒(𝑡), and without 

dissipation there is no electric field inside the sample. Since the electric field is zero, the remaining 𝑛𝑛 

(Drude) electrons do not move. 

N.B. This is only valid of the chemical potential is constant. However, in heterojunctions (junctions 

containing different materials) the chemical potential may vary locally, thus generating an electric 

field. Such effects exist near interfaces of S-N junctions. 

 



Second London equation. The London found the relation between the superconducting currents and 

the local magnetic field. They explained the Meissner effect. Let us consider the free energy of a 

superconductor (in a form of a long cylinder) in the magnetic field 

𝐹 = ∫ 𝐹𝑆𝑑3𝑟 + 𝐸𝑐𝑖𝑛 +  𝐸𝑚𝑎𝑔 

where 𝐹𝑆 if the free energy of non-moving superconducting electrons (energy of the ground state) per 

unit of volume, 𝐸𝑐𝑖𝑛  is the kinetic energy of super-currents, 𝐸𝑚𝑎𝑔  is the magnetic energy. If the 

currents in point 𝑟 are 

𝑗𝑆(𝑟) = 𝑒𝑛𝑆𝑣(𝑟) 

their kinetic energy is 

𝐸𝑐𝑖𝑛 = ∫ 𝑛𝑆

1

2
𝑚𝑣(𝑟)2𝑑3𝑟 

Finally we can express the magnetic energy through the magnetic induction 

𝐸𝑚𝑎𝑔 = ∫
𝐵2

8𝜋
𝑑3𝑟 (en SGS) 

𝐸𝑚𝑎𝑔 = ∫
𝐵2

2𝜇0
𝑑3𝑟  (en SI) 

(where 𝐵⃗⃗ = 𝐵⃗⃗(𝑟) is the magnetic induction in 𝑟 ) 

Now let us link the super-currents to the magnetic induction via Maxwell equations: 

𝑟𝑜𝑡(𝐵⃗⃗(𝑟)) =
4𝜋

𝑐
𝑗𝑆⃗⃗⃗ ⃗(𝑟)   (SGS) 

𝑟𝑜𝑡 (𝐵⃗⃗(𝑟)) =  𝜇0 𝑗𝑆⃗⃗⃗⃗⃗(𝑟)  (SI) 

Putting all terms in the expression for free energy we get 

𝐹 = ∫ 𝐹𝑆𝑑3𝑟 +
1

8𝜋
∫ [𝐵2 + 𝜆𝐿

2|𝑟𝑜𝑡(𝐵⃗⃗)|
2

] 𝑑3𝑟  (SGS) 

𝐹 = ∫ 𝐹𝑆𝑑3𝑟 +
1

2𝜇0
∫ [𝐵2 + 𝜆𝐿

2|𝑟𝑜𝑡(𝐵⃗⃗)|
2

] 𝑑3𝑟  (SI) 

, several parameters which combine into a single parameter having the dimension of a length 

𝜆𝐿 = [
𝑚𝑐2

4𝜋𝑛𝑆𝑒2]
1/2

 (en SGS) 

𝜆𝐿 = [
𝑚

𝜇0𝑛𝑆𝑒2]
1/2

 (en SI) 

 This parameter is called « London penetration depth ». Note that at = 0 𝑛𝑆 = 𝑛, and it becomes 

possible to calculate 𝜆𝐿 directly (𝜆𝐿 ~50 − 200𝑛𝑚). 

 



The TD stable state corresponds to the minimum free energy among all possible configurations. To 

find the TD stable configuration we can calculate a small variation 𝛿𝐹 of free energy 𝐹 which now 

depends only on magnetic induction 𝐵. At the minimum of 𝐹, 𝛿𝐹 should be 𝛿𝐹 = 0.  

If the local magnetic induction 𝐵(𝑟) varies by 𝛿𝑏⃗⃗⃗⃗⃗(𝑟), the free energy varies by 𝛿𝐹, 

𝛿𝐹 =
1

4𝜋
{

1

𝜇0
} ∫[𝐵⃗⃗𝛿𝑏⃗⃗⃗⃗⃗ + 𝜆𝐿

2𝑟𝑜𝑡(𝐵⃗⃗)𝑟𝑜𝑡(𝛿𝑏⃗⃗⃗⃗⃗)]𝑑3𝑟 =
1

4𝜋
{

1

𝜇0
} ∫[𝐵⃗⃗ + 𝜆𝐿

2𝑟𝑜𝑡(𝑟𝑜𝑡(𝐵⃗⃗))] 𝛿𝑏⃗⃗⃗⃗⃗ 𝑑3𝑟 

N.B. Here the second term inside the integral 𝑟𝑜𝑡(𝐵⃗⃗)𝑟𝑜𝑡(𝛿𝑏⃗⃗⃗⃗⃗) is due to the fact that the variation of 

this term is |𝑟𝑜𝑡(𝐵⃗⃗ + 𝛿𝑏⃗⃗⃗⃗⃗)|
2

− |𝑟𝑜𝑡(𝐵⃗⃗)|
2

= 2𝑟𝑜𝑡(𝐵⃗⃗)𝑟𝑜𝑡(𝛿𝑏⃗⃗⃗⃗⃗) + |𝑟𝑜𝑡(𝛿𝑏⃗⃗⃗⃗⃗)|
2

≈ 2𝑟𝑜𝑡(𝐵⃗⃗)𝑟𝑜𝑡(𝛿𝑏⃗⃗⃗⃗⃗)  (as 

𝛿𝑏⃗⃗⃗⃗⃗ is very small). Moreover, since 𝑎⃗ 𝑟𝑜𝑡(𝑏⃗⃗) = 𝑏⃗⃗ 𝑟𝑜𝑡(𝑎⃗) −  𝑑𝑖𝑣 [𝑎⃗ × 𝑏⃗⃗] , in our case we have: 

𝑟𝑜𝑡(𝐵⃗⃗)𝑟𝑜𝑡(𝛿𝑏⃗⃗⃗⃗⃗) = 𝛿𝑏⃗⃗⃗⃗⃗ 𝑟𝑜𝑡 (𝑟𝑜𝑡(𝐵⃗⃗)) −  𝑑𝑖𝑣 [𝑟𝑜𝑡(𝐵⃗⃗) × 𝛿𝑏⃗⃗⃗⃗⃗] . The term with 𝑑𝑖𝑣 [𝑟𝑜𝑡(𝐵⃗⃗) × 𝛿𝑏⃗⃗⃗⃗⃗]  does 

not contribute to the integral since ∫ 𝑑𝑖𝑣 [𝑟𝑜𝑡(𝐵⃗⃗) × 𝛿𝑏⃗⃗⃗⃗⃗] 𝑑3𝑟 = ∮[𝑟𝑜𝑡(𝐵⃗⃗) × 𝛿𝑏⃗⃗⃗⃗⃗]𝑑𝑆 and, since at the 

surface of the SC the magnetic field is fixed, 𝐵⃗⃗𝑆𝑢𝑟𝑓𝑎𝑐𝑒 = 𝐵⃗⃗𝑒𝑥𝑡 = 𝐶𝑡𝑒, and thus cannot be varied, 

→ 𝛿𝑏⃗⃗⃗⃗⃗ = 0 there.  

 The condition of minimum of free energy is then 

𝐵⃗⃗ + 𝜆𝐿
2𝑟𝑜𝑡 (𝑟𝑜𝑡(𝐵⃗⃗)) = 0 

This is the second London equation. It is possible to rewrite it in a more useful form. By using 

𝐵⃗⃗ = 𝑟𝑜𝑡(𝐴) and 𝑟𝑜𝑡(𝐵⃗⃗(𝑟) =
4𝜋

𝑐
𝑗𝑆⃗⃗⃗ ⃗(𝑟) (𝑟𝑜𝑡(𝐵⃗⃗(𝑟)) = 𝜇0𝑗𝑆⃗⃗⃗ ⃗(𝑟)) one obtains: 

𝑟𝑜𝑡(𝑗𝑠⃗⃗⃗) = −
𝑐

4𝜋𝜆𝐿
2 𝑟𝑜𝑡(𝐴)  (SGS) 

𝑟𝑜𝑡(𝑗𝑠⃗⃗⃗) = −
1

𝜇0𝜆𝐿
2 𝑟𝑜𝑡(𝐴)  (SI) 

Moreover, if we use a specific (London) gauge for 𝐴, 𝑑𝑖𝑣(𝐴) = 0 ;  (𝐴, 𝑆) = 0, we can write: 

𝑗𝑠⃗⃗⃗ = −
𝑐

4𝜋𝜆𝐿
2 𝐴 

𝑗𝑠⃗⃗⃗ = −
1

𝜇0𝜆𝐿
2 𝐴 

i.e. in London gauge the supercurrents circulate owing the vector-potential 𝐴. In this gauge : no 

vector-potential – no currents! 

 

N.B.1. En fait, la démonstration ci-dessus de la deuxième équation de London, même s’elle donne le 

bon résultat, n’est pas exacte. Les courants circulant dans le supraconducteur ne génèrent pas le champ 

𝐵⃗⃗ mais seulement le champ « diamagnétique » 𝜇0𝑀⃗⃗⃗ car le champ constant 𝜇0𝐻⃗⃗⃗𝑒𝑥𝑡 est produit par la 

bobine externe seule. En effet, 𝑟𝑜𝑡 (𝐵⃗⃗(𝑟)) =  𝜇0[𝑗𝑠(𝑟) + 𝑗𝑏𝑜𝑏𝑖𝑛𝑒(𝑟)] = 𝑟𝑜𝑡 (𝜇0𝐻⃗⃗⃗𝑒𝑥𝑡 + 𝜇0𝑀⃗⃗⃗(𝑟)) . 

L’énergie magnétique totale à l’intérieur du supraconducteur est  bien 𝐸𝑚𝑎𝑔 = ∫
𝐵2

2𝜇0
𝑑3𝑟 , mais une 



partie de cette énergie, 𝐸𝑠𝑜𝑙 = ∫
𝜇0𝐻⃗⃗⃗𝑒𝑥𝑡

2

2𝜇0
𝑑3𝑟  est produite par le solénoïde seul. Ainsi, l’augmentation 

de l’énergie magnétique due au supraconducteur est  

𝐸𝑚𝑎𝑔 − 𝐸𝑠𝑜𝑙 =
1

2𝜇0
∫ [𝐵⃗⃗2 − (𝜇0𝐻⃗⃗⃗𝑒𝑥𝑡)

2
] 𝑑3𝑟 

L’énergie cinétique due aux électrons supraconducteurs est 𝐸𝑐𝑖𝑛 = ∫ 𝑛𝑆
1

2
𝑚𝑣𝑆(𝑟)2𝑑3𝑟 =

1

2𝜇0
∫ 𝜆𝐿

2|𝑟𝑜𝑡(𝜇0𝑀⃗⃗⃗)|
2

𝑑3𝑟 

En mettant les ingrédients dans 𝐹 : 

𝐹 = ∫ 𝐹𝑆𝑑3𝑟 +
1

2𝜇0
∫ [𝐵⃗⃗2 − (𝜇0𝐻⃗⃗⃗𝑒𝑥𝑡)

2
+ 𝜆𝐿

2|𝑟𝑜𝑡(𝜇0𝑀⃗⃗⃗)|
2

] 𝑑3𝑟 

Puisque la bobine produit le champ extérieur spatialement homogène, 𝑟𝑜𝑡 (𝜇0𝑀⃗⃗⃗(𝑟)) = 𝑟𝑜𝑡 (𝐵⃗⃗(𝑟)). 

L’énergie libre s’exprimée en fonction du champ 𝐵⃗⃗ est donc : 

𝐹 = ∫ 𝐹𝑆𝑑3𝑟 +
1

2𝜇0
∫ [(𝐵⃗⃗2 − (𝜇0𝐻⃗⃗⃗𝑒𝑥𝑡)

2
) + 𝜆𝐿

2|𝑟𝑜𝑡(𝐵⃗⃗)|
2

] 𝑑3𝑟 

En appliquant la méthode variationnelle par rapport au champ 𝐵⃗⃗,  𝐵⃗⃗ → 𝐵⃗⃗ + 𝛿𝑏⃗⃗ , on obtient : 

𝛿𝐹 =
1

𝜇0
∫[𝐵⃗⃗𝛿𝑏⃗⃗⃗⃗⃗ + 𝜆𝐿

2𝑟𝑜𝑡(𝐵⃗⃗)𝑟𝑜𝑡(𝛿𝑏⃗⃗⃗⃗⃗)]𝑑3𝑟 =
1

𝜇0
∫[𝐵⃗⃗ + 𝜆𝐿

2𝑟𝑜𝑡(𝑟𝑜𝑡(𝐵⃗⃗))] 𝛿𝑏⃗⃗⃗⃗⃗ 𝑑3𝑟 

Et donc, la deuxième équation de London est bien : 

𝐵⃗⃗ + 𝜆𝐿
2𝑟𝑜𝑡 (𝑟𝑜𝑡(𝐵⃗⃗)) = 0 

ou, pour le vecteur de magnétisation produite par les courants, 

𝑀⃗⃗⃗ + 𝜆𝐿
2𝑟𝑜𝑡 (𝑟𝑜𝑡(𝑀⃗⃗⃗)) = 𝐻⃗⃗⃗𝑒𝑥𝑡 

Si on définit les axes (𝑥, 𝑦) coïncident avec la surface, le champ extérieur orienté vers l’axe 𝑥 et l’axe 

𝑧  dirigé vers l’intérieur du supraconducteur, on a, à la surface du supraconducteur, 𝐵⃗⃗(𝑧 = 0) =

(𝜇0|𝐻⃗⃗⃗𝑒𝑥𝑡|, 0,0). Ceci donne bien 

𝐵⃗⃗(𝑧) = (𝜇0|𝐻⃗⃗⃗𝑒𝑥𝑡|, 0,0) exp (−
𝑧

𝜆𝐿
) 

et 

𝑀⃗⃗⃗(𝑧) = (|𝐻⃗⃗⃗𝑒𝑥𝑡|, 0,0) [exp (−
𝑧

𝜆𝐿
) − 1] 

i.e. à l’intérieur de l’échantillon, loin des bords ( 𝑧 ≫ 𝜆𝐿 ), 𝐵⃗⃗(𝑧) = 0  et 𝑀⃗⃗⃗(𝑧) = −𝐻⃗⃗⃗𝑒𝑥𝑡  (effet 

Meissner). 



Les courants supraconducteurs sont 𝐽𝑆(𝑟) = 𝑟𝑜𝑡 (𝑀⃗⃗⃗(𝑟)) =
1

𝜇0
𝑟𝑜𝑡 (𝐵⃗⃗(𝑟)) car 𝐻⃗⃗⃗𝑒𝑥𝑡 est constant. Ceci 

donne, dans nos coordonnées, 

𝑗𝑠(𝑧) = (0, −
1

𝜆𝐿
𝐻⃗⃗⃗𝑒𝑥𝑡 , 0) exp (−

𝑧

𝜆𝐿
) 

i.e. les courant Meissner circulent dans la direction 𝑦 et décroissent exponentiellement à l’intérieur du 

supraconducteur. 

N.B.2. As demonstrated, this equation does not distinguish between the behavior of a superconductor 

or an « ideal metal » upon cooling in a spatially homogeneous magnetic field. 

 

5. Meissner effect (from De Gennes « Superconductivity of metals and alloys”). 

Using London equations we can derive now the Meissner effect 

 

  
 

To do this let us consider an border of a macroscopically large SC sample in contact with vacuum. Let 

this surface coincide with (X,Y) plane ; positive Z-direction will go inside superconductor, negative Z 

– to vacuum. Let us consider different directions of the magnetic field.  

Case 1: imagine 𝐵⃗⃗ directed parallel to Z (towards the bulk of the SC sample, 𝐵⃗⃗ = (0,0, 𝐵) ). The 2
nd

 

Maxwell equation gives  
𝑑𝐵

𝑑𝑧
= 0, i.e. the amplitude of the magnetic field is constant inside the SC 

material. Then, the 1
st
 Maxwell equation gives 𝑗𝑆(𝑟) = 0 . Finally, since 𝑗𝑆(𝑟) = 0  the London 

equation gives 𝐵⃗⃗ = 0. Thus, in the considered limit of low fields and currents, it is impossible to have 

a non-zero magnetic field (or a component of it) directed perpendicularly to the surface of a SC 

material. 

Case 2: consider now 𝐵⃗⃗ parallel to X (i.e. perpendicular to Z). The 1
st
 Maxwell equation gives the 

supercurrent directed in Y-direction, 



𝑑𝐵

𝑑𝑧
=

4𝜋

𝑐
𝑗𝑆(𝑟)  (SGS) 

𝑑𝐵

𝑑𝑧
= 𝜇0𝑗𝑆(𝑟)   (SI) 

 

 

 

The second London equation becomes 

𝑑2𝐵

𝑑𝑧2
=

𝐵

𝜆𝐿
2 

 

The solution inside the superconductor (positive Z-direction) is 

 

𝐵(𝑧) = 𝐵(0)exp (−
𝑧

𝜆𝐿
) 

where 𝐵(0) = 𝐵𝑆𝑢𝑟𝑓𝑎𝑐𝑒 is the magnetic field ant the sample surface (equal to the externally 

applied field, and 𝜆𝐿 = [
𝑚𝑐2

4𝜋𝑛𝑆𝑒2]
1/2

(SGS). 

 

It means that the magnetic field exponentially decays inside the SC material on a scale of 

the London penetration depth. 

 

We can also find the supercurrent distribution 

𝑑 𝑗𝑆

𝑑𝑧
=

𝑛𝑠𝑒2

𝑚𝑐
𝐵 (SGS) 

By integrating this equation we obtain the exponential decay of screening super-currents inside the 

superconductor: 

𝑗𝑠 =
𝑐

4𝜋𝜆𝐿
𝐵𝑆𝑢𝑟𝑓𝑎𝑐𝑒 exp (−

𝑧

𝜆𝐿
)  (SGS) 

𝑗𝑠 =
1

𝜇0𝜆𝐿
𝐵𝑆𝑢𝑟𝑓𝑎𝑐𝑒 exp (−

𝑧

𝜆𝐿
)  (SI) 

i.e. the screening supercurrents circulate only near the surface of the superconductor where 

𝑩(𝒛) ≠ 𝟎. 

 

In the second London equation, the only important parameter is 𝜆𝐿 = 𝜆𝐿(𝑛𝑠). Therefore this parameter 

is expected to depend on temperature, since 𝑛𝑠(𝑇 → 𝑇𝑐) → 0. It means that, approaching 𝑇𝑐 from the 

superconducting side (𝑇 < 𝑇𝑐 ), the magnetic field will start to penetrate deeper and deeper the 

material; at 𝑇𝑐 the penetration is full as no Meissner currents circulate.  

Experimentally, by studying the diamagnetic response of SC samples as a function of temperature, 

researchers had elaborated the following empiric formula: 

𝜆𝐿(𝑇) =
𝜆𝐿(0)

(1 − (
𝑇
𝑇𝑐

)
4

)

1/2
 



Let us estimate 𝜆𝐿. At 𝑇 = 0 all the electrons are « superconducting », i.e. 𝑛𝑆~1022𝑐𝑚−3. Putting this 

number into the formula for 𝜆𝐿 we obtain 𝜆𝐿(0)~60𝑛𝑚. This is indeed a very good estimation for 

simple type I superconductors: 𝜆𝐿(𝐴𝑙) = 50𝑛𝑚 , 𝜆𝐿(𝐻𝑔) = 44𝑛𝑚 , 𝜆𝐿(𝐼𝑛) = 64𝑛𝑚 , 𝜆𝐿(𝑁𝑏) =

47𝑛𝑚, 𝜆𝐿(𝑃𝑏) = 39𝑛𝑚, 𝜆𝐿(𝑆𝑛) = 51𝑛𝑚, 𝜆𝐿(𝑇𝑙) = 92𝑛𝑚. Unfortunately, for type II SC materials it 

does not work! 

 

6. Non-local electrodynamics of superconductors. 

The London equation is local in sense that the current 𝑗𝑠⃗⃗⃗(𝑟) depend only on the local value of the 

vector-potential 𝐴(𝑟) 

𝑗𝑠⃗⃗⃗(𝑟) = −
𝑐

4𝜋𝜆𝐿
2 𝐴(𝑟) 

Pippard argued (Pippard A.B. Proc.Roy.Soc., 1953, A215, 547) that this is not very reasonable since 

the superconducting electron wave packet should have a certain spatial extend 𝜉0 (for instance, Drude 

electrons are characterized by their mean free path 𝑙 = 𝑣𝐹𝜏). If 𝐴(𝑟) varies on the scale of 𝜉0 then the 

superconducting electron wave packet is affected by 𝐴(𝑟) over 𝜉0. (Note that for clean simple metals 

(like superconducting Al) the local London description does not work, since 𝜉0
𝐴𝑙 ≈ 103𝑛𝑚 , and 

𝜆𝐿
𝐴𝑙 ≈ 10 − 100 𝑛𝑚, i.e. indeed 𝐴(𝑟) varies strongly on the scale of 𝜉0

𝐴𝑙
.) 

Pippard suggested considering a non-local link between 𝑗𝑠⃗⃗⃗(𝑟) and 𝐴(𝑟) via convolution with a space 

averaging operator 

𝑗𝑠⃗⃗⃗(𝑟) = ∫ 𝑑𝑟 𝑄̂(𝑟 − 𝑟′⃗⃗⃗)𝐴(𝑟′⃗⃗⃗) 

Where is space “averaging” operator 𝑄̂(𝑟 − 𝑟′⃗⃗⃗⃗ )  on 𝐴(𝑟′⃗⃗⃗) on the scale of 𝜉0. Pippard suggested to take 

it in the form 

𝑄̂(𝑟 − 𝑟′⃗⃗⃗⃗ )𝐴(𝑟′⃗⃗⃗⃗ ) = −
3𝑛𝑠𝑒2

4𝜋𝑚𝑐𝜉0

(𝑟 − 𝑟′⃗⃗⃗⃗ )

(𝑟 − 𝑟′⃗⃗⃗⃗ )
4 ((𝑟 − 𝑟′⃗⃗⃗⃗ ), 𝐴(𝑟′⃗⃗⃗⃗ ))exp (−

|𝑟 − 𝑟′⃗⃗⃗⃗ |

𝑟0
) 

with 
1

𝑟0
=

1

𝜉0
+

1

𝑙
. The expression for 𝑟0 reflects the fact that the superconducting electron wave packet 

is always limited to its normal mean free path.  

In the non-local case, the decay of the magnetic field inside the superconductor is not simply 

exponential. Nevertheless one can define the penetration depth as 

𝜆𝑃 =
1

𝐵𝑒𝑥𝑡
∫ 𝑑𝑧

∞

0

𝐵 

Where 𝐻𝑒𝑥𝑡  is the external parallel field at the SC surface, and the integration is done inside the 

superconductor in the perpendicular direction 𝑧 . In practice, the decay is quite exponential and, 

therefore it is possible to introduce the effective Pippard penetration depth 𝜆𝑃. In the “very” unlocal 

limit 𝜆𝑃 ≪ 𝜉0 it is easy to obtain the estimate for 𝜆𝑃 

𝜆𝑃 ≈ (𝜆𝐿
2𝜉0)1/3 



However, in most of superconductors local (London) electrodynamics work well since 𝜆 > 𝜉. 

 

7. Quantum generalization of London’s equations. Flux quantization. 

In 1934-45, Fritz London suggested that the superconducting state could be a macroscopic quantum 

state. If so, one could imagine to describe it by a wave function 𝜓(𝑟). At zero temperature one could 

imagine to have 𝜓(𝑟) = (𝑛𝑠/2)1/2exp (𝑖𝜃(𝑟)) , in order to obtain the total density 𝑛𝑠/2  of 

superconducting electron pairs. 

In QM the probability current 𝑗 due to the wave function 𝜓(𝑟, 𝑡)  describing a particle of a mass 2𝑚 

is : 

𝑗 =
ℏ

2(2𝑚)𝑖
(𝜓∗∇⃗⃗⃗𝜓 − 𝜓∇⃗⃗⃗𝜓∗) 

In the case of a non-zero magnetic field 

ℏ

𝑖
∇ ⃗⃗⃗⃗ →  

ℏ

𝑖
∇ ⃗⃗⃗⃗ +

2𝑒

𝑐
𝐴 (SGS) 

ℏ

𝑖
∇ ⃗⃗⃗⃗ →  

ℏ

𝑖
∇ ⃗⃗⃗⃗ + 2𝑒𝐴 (SI) 

 

And the current, 

𝑗 =
1

2(2𝑚)
[(𝜓∗(−𝑖ℏ∇⃗⃗⃗𝜓) − 𝜓(−𝑖ℏ∇⃗⃗⃗𝜓∗) − 2

2𝑒

𝑐
𝐴|𝜓|2]  (SGS) 

𝑗 =
1

2(2𝑚)
[(𝜓∗(−𝑖ℏ∇⃗⃗⃗𝜓) − 𝜓(−𝑖ℏ∇⃗⃗⃗𝜓∗) − 4𝑒𝐴|𝜓|2] (SI) 

Putting the expression for 𝜓 we obtain: 

𝑗 =
1

2(2𝑚)
[2

𝑛𝑠

2
ℏ∇⃗⃗⃗𝜃 − 2

2𝑒

𝑐
𝐴

𝑛𝑠

2
] 

𝑗 =
1

2(2𝑚)
[2

𝑛𝑠

2
ℏ∇⃗⃗⃗𝜃 − 4𝑒𝐴

𝑛𝑠

2
] 

At the same time the current of particles is 𝑗 =
𝑛𝑠

2
𝑣𝑠⃗⃗⃗⃗ , that gives for the electric supercurrent 𝑗𝑠⃗⃗⃗ = 2𝑒 𝑗: 

𝑗𝑠 =
𝑒𝑛𝑠

2𝑚
[ℏ∇⃗⃗⃗𝜃 −

2𝑒

𝑐
𝐴] =

𝑛𝑠𝑒2

𝑐𝑚
[

ℏ𝑐

2𝑒
∇⃗⃗⃗𝜃 − 𝐴] =

𝑛𝑠𝑒2

𝑐𝑚
[

Φ0

2𝜋
∇⃗⃗⃗𝜃 − 𝐴] (SGS) 

𝑗𝑠 =
𝑒𝑛𝑠

2𝑚
[ℏ∇⃗⃗⃗𝜃 − 2𝑒𝐴] =

𝑛𝑠(2𝑒)2

4𝑚
[

ℏ

2𝑒
∇⃗⃗⃗𝜃 − 𝐴] =

𝑛𝑠(2𝑒)2

4𝑚
[

Φ0

2𝜋
∇⃗⃗⃗𝜃 − 𝐴] (SI) 

 

with Φ0 =
ℎ𝑐

2𝑒
= 2.07 ∙ 10−7𝐺𝑎𝑢𝑠𝑠 ∙ 𝑐𝑚2 (SGS) or Φ0 =

ℎ

2𝑒
= 2.07 ∙ 10−15 𝑊𝑏 (SI). The value Φ0 is 

the superconducting flux quantum. 



N.B. With respect to the classical case we see an additional term in current-field equation, due to the 

gradient of the quantum wave function. This term is needed to describe experimentally observed 

phenomena. This need demonstrates the quantum coherent nature of superconductivity, as we see 

below. 

 

(from V.V.Shmidt “The Physics of Superconductors : Introduction to Fundamentals and 

Applications”) 

 

 

 

Let us consider a macroscopic superconductor with a hole drilled inside. Let us chose a closed loop 

inside the material far from the hole (≫ 𝜆𝐿). From London equation we get  on the loop 

𝑗𝑠
𝑙𝑜𝑜𝑝

= 0, 𝐻𝑙𝑜𝑜𝑝 = 0 

Let us take an integral from both parts of the  𝑗𝑠 =
𝑛𝑠𝑒2

𝑐𝑚
[

Φ0

2𝜋
∇⃗⃗⃗𝜃 − 𝐴] over the loop. We get 

Φ0

2𝜋
∮ 𝑑𝑠 ∇⃗⃗⃗𝜃 = ∮ 𝑑𝑠 𝐴 = Φ 

But 

∮ 𝑑𝑠 𝐴 = ∫ 𝑑𝑆 𝑟𝑜𝑡(𝐴) = ∫ 𝑑𝑆 𝐵⃗⃗ = Φ 

Therefore 

Φ0

2𝜋
∮ 𝑑𝑠 ∇⃗⃗⃗𝜃 = Φ 

 

The flux Φ is the magnetic flux across the loop. One immediately sees that 𝜃 is not uni-defined, but  as 

it changes but 𝜓(𝑟) should be. Finally, if the phase accumulation along th loop is 2𝜋𝑛, then 𝜓(𝑟, 𝜃 +

2𝜋𝑛) = |𝜓|𝑒𝑖(𝜃+2𝜋𝑛) = |𝜓|𝑒𝑖𝜃 = 𝜓(𝑟, 𝜃), i.e. the wave function is uni-evaluated. It means that 

Φ = nΦ0 



NB 3.3. Experimentally, magnetic flux quantization was discovered in 1961 almost simultaneously in 

the USA (B. Deaver and W. Fairbank) and in Germany (R.Doll and M.Nabauer) (refs: B.S.Deaver, Jr., 

W.M. Fairbank: Phys. Rev. Lett. 7, 43 (1961) and R. Doll, M. Nabauer: Phys. Rev. Lett. 7, 51 (1961) 

). It is interesting to note that F. London, who predicted the flux quantization, believed that the flux 

quantum should be 
ℎ𝑐

𝑒
, that is, he predicted a value twice as large as Φ0. But that is not surprising 

because he believed that the charge of an elementary supercurrent carrier was equal to the electron 

charge 𝑒. Experiment confirmed the validity of Φ0 =
ℎ𝑐

2𝑒
 ). Thus the experiments that detected the 

quantization of magnetic flux also provided direct evidence that the supercurrent is carried by pairs of 

electrons. 

  



Appendix 1. 

(from J.F. Annett “Superconductivity, Superfluids and Condensates”)  



 

  



  



  



 



Appendix 2.  Latent heat Calculations 

 

 

 


