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Abstract

There are several definitions of energy density in quantum mechanics. These yield expressions that
differ locally, but all satisfy a continuity equation and integrate to the value of the expected energy of the
system under consideration. Thus, the question of whether there are physical grounds to choose one
definition over another arises naturally. In this work, we propose a way to probe a system by varying the
size of a well containing a quantum particle. We show that the mean work done by moving the wall is
closely related to one of the definitions for energy density. Specifically, the appropriate energy density,
evaluated at the wall corresponds to the force exerted by the particle locally, against which the work is
done. We show that this identification extends to two and three dimensional systems.

1. Introduction

In many textbooks on quantum mechanics [ 1-3] we are taught that an important consequence that emerges
from the fact that the wave function that describes a quantum particle satisfies the Schrodinger equation, is that
the probability density for finding the particle at a given position satisfies a continuity equation. This reflects the
fact that probability is locally conserved [1-3]. However, and rather surprisingly, there is very little discussion in
the literature regarding the concept of energy density in quantum mechanics, how to define it, how it evolves,
whether it is conserved, and what is its physical significance [4—14]. In these few works, different expressions for
the energy density have been proposed. These densities differ locally from one another, though they all integrate
to the same value of the expected energy. It has been argued that there is no ‘physical” way to choose which of
these different densities is physically meaningful, and that it essentially comes down to a matter of preference

[7, 8]. In this paper we present what we believe are the minimum conditions that the energy density must satisfy
and we discuss two different possible definitions that satisfy the conditions. A similar problem was investigated
in relation to the electromagnetic energy density in a dispersive and dissipative metamaterial [15-17]. We
illustrate a way to probe the systems locally in order to identify which of the energy densities has a physical
manifestation. To do this, we consider particles trapped in simple infinite well systems and probe the systems by
changing the size of the well. We show that the expected work done to change the size of the well is directly
related to the local value of one of the energy densities at the boundary. This density can be interpreted as the
effective force exerted by the particle in the well. The other density is irrelevant in this respect as it vanishes
identically at the walls. We remark that the work required to change the size of a system is in itself also a quantity
of physical interest, since it characterizes the exchange of mechanical energy of the system with its surroundings,
—as in thermodynamics— and should be amenable to experimental measurement in principle.

2. The probability density and the energy density

If we consider a quantum particle in a region I, in the position representation it is described by a wave function
W(r, t) that satisfies the Schrodinger equation

© 2023 The Author(s). Published by IOP Publishing Ltd
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ot
where
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H=-"V2+V( )
2

V(r) is a potential and the wave function is normalized:
f U(r, £)Pdr = 1.
I

The integrand [¥(r, £)|* = pp(r, 1) is interpreted as the probability density of finding the particle at position r at
time t. Then, as is well-known, the probability density fulfills a continuity equation

0
—pp+V-Ip=0, 3
8tPD Ip 3)
where the flux Jp is given by
b = i(W*V\D — UVU*). 4
21

This implies that the probability density is locally conserved [ 1, 3]. By the same token, the expected energy of a
quantum particle can be expressed as

(E) = fI VA dr )

This expression suggests that the integrand might be interpreted as an energy density, akin to the probability
density discussed above. If this was the case, the energy density in the system would be given by

I

Unfortunately, the choice pf above is not satisfactory as there is no guarantee that this density is real at every
point where itis defined, though it is easy to see that the imaginary part always integrates to zero [10].

It would be reasonable to expect that a physically acceptable definition of quantum energy density should, at
least, meet the following conditions:

2
pf = WY = \If*(—f—vz + V(r))\II. (6)

1. itshould be alocal, real-valued function in the position representation;

2. itsintegral over the system must be equal to the expected energy (E).

However, an infinite number of different expressions for the energy density satisfying these conditions can still
be defined.
One possible definition of energy density, that does satisfy the above conditions, is

pE = %(q;*ﬁq; + WA, @)

which is obviously real, and integrates to (E). We cannot guarantee that pf is non-negative, even when the
potential is positive for all x. Nevertheless, it has been argued that the negative kinetic energies that this entails are
not necessarily unphysical [18], and may even be measured [19]. Another possible choice for the energy density is

g7

2
p; = — (VU - (V) + TV ()T ®)

2
which is real and also integrates to (E). In contrast to pf , this choice is nonnegative if the potential V(x) is
nonnegative itself. Note that pf can be derived from the definition of the expectation value of the energy after an
integration by parts [ 10]. Another option is to obtain p§ from one of the components of the energy momentum
tensor [20, 21]. In appendix A we show this derivation explicitly. Both derivations hinge on the fact that in the
position representation, the Hamiltonian acts as a second-order differential operator. In contrast, in the
definition of the densities p; and p, no explicit dependence on the form of the Hamiltonian is required.

The energy densities defined above are locally conserved in the sense that they satisfy a continuity equation
for appropriate energy fluxes:

9pE . R . N N
% _ _;ﬁv (—UAV[AY] + OVHGH + (VOUHAY — (VO AT, ©)
1
opf i . 5
s _ G (VUNAT — (VAT (10)
ot 24

The derivation of these equations can be found in the appendix B.

2
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Clearly, however, both expressions for the energy density differ locally, so the question of whether there are
physical grounds to choose one over the other, or neither, arises naturally. Further, the physically meaningful
density will be associated to an energy flux, which is central to the description of energy transport in quantum
systems.

In what follows, we propose a simple scheme to probe locally a particle in a box. Specifically, we calculate the
work done by moving one of the box’s walls a distance dZ. The idea is that if this movement is done quickly, then
the work will be due to interaction of the wall with the system at its immediate vicinity. As it turns out, the work
done is independent of the speed at which the wall moves.

2.1. One dimensional system

Following one of the procedures described in [22, 23], we begin by considering a particle of mass y in a one
dimensional infinite square well of size L(¢) (the extension to higher dimension ‘cubic’ wells is straight forward).
We can write the wave function of the particle as

U(x, t) = i by(t)e s E@dry (x, t) (11)

n=1

where ¢,,(x, t) are the instantaneous eigenfunctions of the Hamiltonian,

2 . [ nmx .
o, (x, t) = m sm(m) n=1,2,..., (12)

corresponding to eigenvalues (instantaneous energies)

2,22
B = 22T, (13)
2uL*(t)
and the coefficients b,,(¢) are chosen so that ¥(x, t) satisfies the time dependent Schrodinger equation.
Substituting W(x, t) into equation (1) and using the ortonormality of the eigenfuctions ¢,,(x, t), we find
. R . L(t) .
bu(6) = = 3 b OO [T (x, 1), (x, 1)dx (14)
n'=1 0
where 6,(t) = % J(; ' E, (7)dr. Theinitial values of the b,,(f) are fixed when we prepare the initial state:
U(x, 0) = > bu(0),(x, 0). (15)
n=1
The expected energy of the particle is given by
(PIAY) = &) = Y 1ba(DPEa(D). (16)
n=1
Weare interested in the change in energy of the particle due to the motion of the wall after a time 6, i.e.
E(6t) — £(0) ~ £(0)6t. From equation (16) we can calculate
£0) = 3 Ey(0) (B (0)B,(0) + B, (0)b,(0)) + E, (0)[b,(0) (17)
n=1
where E, (0) is
2,22
B0 = — 20T, (1s)
1L (0)

L(0) is the initial length of the well, and v = L(0) is the initial speed at which the wall moves. The b,(0) can be
calculated using equation (14), where the time derivatives of the instantaneous eigenfunctions can be obtained
from equation (12) and the resulting integrals appearing in equation (14) can be evaluated directly

2nn/(—1)""
L(t) . - v, 0 =n,
j; (6, 6, (x5, Ddx = | L) (' — 1) (19)
0, n' = n.
Then, after alittle algebra, & (0) can be expressed in terms of the initial conditions of the system as

22 00 2
% S b, (0)(— 1)

n=1

£00) = — (20)

Now we compare this expression with the value of the value of energy density pf and pf evaluated at the
wall. For this system we have
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pf(x, ) = ﬂ [Z Z n2b(t) b, (t) e O O—0n (t))sm( (t)) n(ﬂ)} (21

2/’LL(t)3 n=1n'=1 L(t)

Evaluating at the wall, x = L(f), we see that pg (L(t), t) = 0 trivially for all time. On the other hand, for ps(x, £)
we have

E _ 72 - i0,() (n’mc) . —if,(t) (mrx)
p3“’”"(uLa)J[;;e b(OL() to) || =¢ TR v

Evaluating this expression at the wall, x = L(#), at t = 0 we get

72
PE(L(0), t = 0) = 4} Zb@Xlw (23)
Thus, the average amount of work §)V done by the the motion of the wall during a time interval 6z is
W = E(6t) — E£0) = £(0)6t = —pk (L(0), 0)6¢ (24)

where 67 = vit is the distance the wall moves. Both the particle density pp and pf vanish at the wall, thus, this
result suggests that the wall transfers energy to, or receives energy from the particle as if the wall interacted with
the system through the energy density pf. In particular, in this one dimensional example, pf (L(0), 0), beingan
energy per unit length, can be thought of as the mean force exerted locally and instantaneously by the particle on
the wall.

2.2. Two and three dimensional systems
For completeness, we show that these results extend to a quantum particle in a circular box in two dimensions
and in a spherical box in three dimensions.

In the two dimensional case we consider a particle with mass ;¢ confined in an infinite circular potential

[0, if < R@®),
VD = {oo, if r> R(?), (25)

where the radius varies in time R(¥) = R, + vt. The wave function takes the form

U(r, 1) = Dy, (£) € Omn®) Jin (k) €7, (26)
m;wrr;l ﬁR(ﬂIm«H(Zm,n)

where z,,, ,, is the nth the zero of ],,,(x), the Bessel function of order m, k,, , = ;’;’t”) and 6, ,(t) = 7 fot E,, . (t)dt'

as before, with

2.2

Ep(t) = 2 @7)
T 2uR()?

Following the same procedure as above (see details in appendix C), we find that the average work done to move
the wall a distance ¢ = vét is given by

2

i bm,n(o)zm,n (28)

n=1

&E0)6t = ——M Z

m=-—00

Now we check that this work is done against the mean total force exerted by the particle on the wall through the
energy density p? :

F= f pE(r, t = 0)8(r — Ro)rdrdgs (29)

where

B2 e 00 00 3 b (t)b*/ (1) }
E (m—m')i¢ Ry Tmon i (O (1) = O, (1))
P (x, 1) = E: E: E: E: e e'm »
’ 2 —oon=1m'=—oon'=1 7T-R(t)zjerl(Zm,n)]m’+l(zm’,ﬂ’)

!/
X I:g m(km nr) ]m (k /T') + n/;_z/l]m(km,nr)]m’(km’,n’r):l (30)

Evaluating at t = 0 and performing the integral in equation (29), we find

00 2

Z bm,n(o) Zm,n

n=1

(D

m=0oQ

soindeed we have 6 W = — F6¢
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Finally, for the three dimensional case we consider a particle with mass £ in an infinite spherical moving well
potential of radius R(¢) = R, + vt. Now the wave function takes the form

oo oo 1 ) ﬁ
U(r, 1) = butm (1) e 0 ———Z i (kyur) Yy (0, 9), (32)
Z::UZ;)"Z:Z ' R()*/ %, (z1)
where z; ,, is the nth zero of ji(x), the spherical Bessel function of order [, Y} ,,,(6, ¢) are the spherical harmonics,
and 0,,(t) = % fo ' E; ,(t")dt’, asbefore. For this case, the change in the total energy of the system caused by
moving the boundary at a speed v for a time 6t is (See appendix D):

hvét & & i

E(0)or = — = ST YT buim(O) by 1 ,0) 21z (33)

0 n'=1n=11=0m=-1

Asin the previous examples, this change of energy is due to work done against the total force exerted by the
particle on the boundary. In this case this is given by

F= f py(t, t = 0)8(r — Ro)r?drdS. (34)
where
B2 XX mal 2 el 2b, (Db ()

Pf(r’f)— ZZZ X0 )

Hon=11=0m=—In'"=1I'=0m'=—1' R(1) ]l’+1(zl’ ’)]]+1(Zln)

[ ]l(kl nr) ]1/(kl’ /1’)Y1/ 1 Y+ Zjl(kl,nr)jl/(kl’,n’r)‘I’?jm : ‘I’l’,m’:l- (35)

et O ()= 01,n(1))

Here Y, = Y.,,(0, ¥)7 and ¥, ,,, = rV'Y},,(6, 1) are the vector spherical harmonics [24]. These satisfy the
orthogonality relation ¥, - Y;,, = 0, and the integral relations J(; d J; i W, Oy dQ =10+ )60
and fo o fo " Y?fm - Yy d) = 81 6, - Thus, evaluating ps(r, t) at t = 0 and integrating, we have

B2 S 2 (OB (0) 210

=2 2000 i/ Gz (2] (36)

=1n=11=0m=—1 R0]1+1(Zl,n)]1+1(zl,n’)

Finally, using the properties of the Bessel functions, we get
2

hz oo m=l oo oo oo m=l o0
== 32 Z Z Z bn 1, m(O)b ’lm(o)zl nln’ = 32 Z Z bn,l,m(o)zl,n (37)
O I=0m=—In'=1n=1 O I=0m=—1 | n=1

Thus, we again have dW = —Fd¢, or equivalently, dWW = —PdV , where the pressureis P = F/A, the
differential of volumeis dV = Ad¢,and A = 47TR02 is the area of the surface.

3. Discussion

If we have a quantum particle in a infinite well, changing the size of the well changes the energy of the system.
Conservation of energy implies that this change of energy must be due to work done when moving the walls against
the force exerted by particle. We have shown that the mean amount of work done when moving the wall is directly
related to the energy density pf at the wall. This energy density also satisfies the physical requirements of being local,
and, of course, integrates to the expected value of energy. Further, this expression yields a positive definite value
everywhere if the potential is also positive, and it satisfies a continuity equation, implying that it is locally conserved.
In contrast, due to the boundary condition pf vanishes identically at the wall (as does the probability density pp), so
its value cannot be probed by moving the wall, and though it is also conserved, it is not necessarily positive
everywhere it is defined, even when the potential is nowhere negative, which implies that the particle may have
negative kinetic energy in some regions of the system. We contend that these results imply that p% can be considered
as the actual physical energy density of the system, in the sense that it is measurable as the mean instantaneous local
force (pressure) exerted by the particle on the wall. This would also imply that the energy flux associated to p;E is the
relevant flux to describe energy transport in quantum systems. From a different perspective, p§ isanalogous to the
electromagnetic radiation pressure on a perfect absorber, as in that case too P,,q = u, where u is the energy density of
the wave. Of course, if all that is wanted is the integral of the density to obtain the expected energy, then any one of
the expressions discussed in this work can be used, even p{*, which may have complex values locally.
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Appendix A. Derivation of p; from the energy-momentum tensor

An alternative derivation for pf and its associated continuity equation follows from the principle of least action,
for which the Lagrangian density reads [20]

2 .

L= —ﬁ—v\p S VU* — VIR — 2(\11*\11 — U, (Al)
21 21

Here one considers the two independent fields 7, € {¥, ¥}, and the Schrodinger equation is recovered using

the Euler—Lagrange equations

. oL _ % =0 (A2)
M) O,
for the field , = ¥" and a € {f, r}. The energy-momentum tensor is defined as [25]
T, = a_.cnm — L£60. (A3)
an%ﬁ

from which the energy density, is found to be
72

T, = Z—V\If - VUF + VPP = pl, (A4)
1
The continuity equations are given by
ar,?
5 =0 (A5)

from which one can also obtain the flux (See equation (10)).

Appendix B. Derivation of the continuity equations for the energy densities

The time derivative of pf can be calculated using the Schrodinger equation (1):

8pf 91 *1 48\ i a8 8\ /Ed 00
—= = — —[V*HV + VHY*| = —[VHHY* — U*HH]. (B1)
ot ot 2 27
Now
. A% 7?
AV = (z_) V= (VAW + VO V) + VD, (B2)
Iz M
where
UV = V - [UFV(V)] — V - [(VIH V] + (V2 (VD) (B3)
and

V2V (1)) + THV (r) V2U
=V - (V(V (@) D) — VI* - VVETD) + V - [VETYVY] — VT - V(V (@) TH. (B4)

The complex conjugate of equation (B4) is

TV2(V (1) T¥) + TV (r) V2T*
=V - (UV(V(@©)TH) — VI - V(V@)T¥) + V - [V(E)TVTH — VI T(V (@) D). (B5)

Taking the difference between equations (B4) and (B5) gives
V- [T*FVV @) + V) U*ve — IV(V ()T — V() TVI*H.
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Thus

a E 2\2
9P _ .LV A2 [T*FV (V) — (VIH) VI — UV(V2P¥) + (V) V¥
ot 2ih 20

- (?)[Q/*V(V(r)\l/) + V(@ U*VY — IV (V () T*) — V(r)\I/V\If*]).
I

The above equation can be rewritten as
9p f i * 3 1k *\ 1 Tk
r = —4—V < (=UFVIHY] + UYV[HY™] + (VI HY — (VI)HT™).
n
On the other hand, the time derivative of p¥ is

dpy [ ov* oV
—2 =" V| VU + VI [
ot 2;1[ (81‘ (31‘)

ov* o
+ —V@U + T*Fv—
ot ® ot

Z / .
Now, . .
é[(I:I\I/*)V(r)\I’ — UV AD)] = —;i(v C(V®UVIH — V(V(@)T) - VI
i
+ ;i(v A(V@UFVY — V(V (@) TF) - V),
m
also

. . 2
ﬁ[V(H\p*) - VU — VU . VHD)] = i[v(’ivij* + V(r)\l/*) - VI
2p 2p 2p

52

— VU*. v(
2

VW + V(r)\I/) ]
Thus, using the two equations above in equation (B8) we obtain
’zﬁ [VHT) - VU — VI* . VHD)] + %[(qu*) V@) — UV (HD)]
o ]

ﬁz

; 2
:ﬁ V- (V@U*VY) — V - (V@) IV + —VI* . V(V2) — ﬁ—V\I! . V(VZ\I’*)].
2u 2p 2u

The last two terms yield
VI* . V(V2) — VI - V(V2TH) = V - (V2O VI — (V) (V2TF)
—V - (V2TH VD) + (V¥ (VD)
and therefore

6 E . 2 2
o _ihg. [ﬁ(vzqf)w* _ UV 4 V@)UV — V(r)\IIV\II*]
ot 20 24 24

:;iv (VO RET* — (VIR AT,
1

Appendix C. Two dimensional case

Consider a particle with mass £ in an infinite spherical potential moving well

[0 if r<R@
V(r){oo if > R()

where R(t) = Ry + vt. The Hamiltonian operator is

Al 19 0 1 0?
== 55 T 55 |
2ul rOr Or  r*0¢
in this case, the instantaneous eigenfunctions are
1

ﬁR(t)]m+l(Zm,n)

Zm,n

RO

]m (km,nr)eimd): km,n

djn)m(rs ¢> t) =

FRTorres Arvizu etal

(B6)

(B7)

(B8)

(B9)

(B10)

(B11)

(B12)

(B13)

(ChH

(C2)

(C3)
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where z,,, , is the nth the zero of ] ,,(x), the Bessel function of order m. The wave function takes the form

U, t) = D > byya(t)e Omn®

—]m(km,nr)eim(‘bs (C4)
m=—oon=1 ﬁR(t)]m+l(Zm,n)
where 6, ,(t) = /,lfot E,,.(t"dt', with
1 iz}
Epnn(t) = e . C5
o) = 5 (C5)

Then, the expected energy is given by
<\IJ|I:\I|\IJ> = g(t) = Z Z |bm,n (t) |2Em,n (t))

m=—oon=1

and its derivative att = 0

£0) = Z S A E (O (5% 1(0) By (0) + By 1(0) by 4 (0)) + Epy(0) by (0) 1, (Cé)

m=—oon=1

where b(t) and E,, .(t)are

. %z}
E = —V—m)n 5 C7
= v ()
. oo 00 ) R(t) 2T .
b = — 33 By (1) €O f f Vo (Fy &y D) Pr (1> &, O)rdrded, (C8)
m'=—oon'=1 0 0
respectively. The integral in the last expression when n = #’ satisfies
0 %0
—dS = — —), dS C9
So wn ot u}” ‘/;0 wn ot 11]” ( )

which implies that these terms in £(0) vanish, moreover when # = n’ we have

fOR(t) f027r Uy (15 O t)v,?;m/’n/(r, ¥, t)rdrdg

2 R(1) :
:6m m' m kmrt m’ km’ n' dr, C10
’ R(t)2]m+I(Zm,n)]m’+l(zm’,n’) J(‘) ] ( ' r)] ( ’ r)r ' ( )
substituting
Z Z Em,n(t)l;m,n(t)b:nk,n(t) = - Z Z Z bm,n’(t)brt,n(t)Em,n(t)ei(em'n(t)iem’nl(t»
m=—oon=1 m=—oon’'=1n=1
2 R(t) :
kmn km n' dr,
8 R(t)21m+I(Zm,n)]m’+1(zm,n’) fo ]’( ’ r)I[( ' r)r '
Y S B b (D) By (1) O O )
m=—ocon=1n'=1
2 R(t) :
RO S TG i G ) (C11)
and
S D Bt by b == 3 3037 b (O (0) By () O O~ bma®)
m=—oon=1 m=—ocon=1n'=1
2 R(t) ;
X Im(km,nr)]n(km,n’r)rdr- (C12)
Thus, R(t)2]m+1(zm,n)lm+I(Zm,n) j(;
2 R(1) P
]l(km,nr)]m(km,n’r)rdr
R(t)2]m+l(zm,n)]m+l(Zm,m’) j;,
2Zp 'V R(t) ,
=— ’ Ton (ki) T (K 1) r2dr Cl13
]m+l(zm,n)]m+1(zm,n’)R(t)4 ‘/(‘) ( " ) m( m” ) ( )
using” and the Leibnitz rule, we obtain
R() R zpn
-./; ]m+l(km,nr)jr/n+1(km,n’r)r2dr = 7%]?”4—1(2”[,”)]”/1(27}1,”,)' (C14)
Zmn' — Zmyn

4 Using Abramowitz 11.3.9
J {(kz — Py M}cﬂ(kr)mmm = 2 (kG k) DI2) — 1C, (kYD 1(12)) — (i — 1)CkYD, (1)

for two cylindrical functions C,(kt) and D, (kt), [26]
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By the recurrence relation ];(x) = E]p(x) —Jp + 1%),

RE R°(t)zm,n
j; ]m(km nr)]m (km n’r) ridr = LI ( Zm, n)] (Zm n) (C15)
Zm n' T “mn
analogously we have
R® R(¢ m,n
J; ]m(km,n’r)]m,(km,nr)rzdr - _2(#] ( Zm, n)] (Zm n' )) (C16)
mn Zm,

evaluating £(t) att =0

5(0) —TV{ Z sz nlbm n(0)|2

223N m=—oon=1
e ]I (Zm n)]/ (Zm,n')
+ By () b, (0) Zy iy —= = , (C17)
m;wrgln’zi;n ' ]m+1(zm,n)]m+1(zm,n’)

using the recurrence formula again

£©0) = —Tv{ > sznwmn(onz + Z ZZ bk n(O)bm,n/(O)zm,nzW}. (C18)

223N m=—oon=1 m=—oon=1n'=n

On the other hand, the energy density is given by

2
ps(x, t) = f—V\IJ*(r, t) - VU(r, t) (C19)
1
in this case we take
= ime [ O im A
VU(r, 1) = e by, o (1) ° o)+ ki) B |. (C20)
m:z;mlz:l ﬁR(t)]m-‘rl(Zm,n) _61’ r ¢_
Analogously,
—im¢ [ O im A
‘l’*(l‘, t) - etf}m,, m n ° _]m(zm,nr)? - _]m(km,nr)¢ . (C21)
m—zzoonzjl “/—R(t)]m-ﬁ—l(zm w) L or r i
hz > > > = ;, m n(t)b:ﬁ’ n’(t) :
ps(r, t) = — elm—m)i¢ d ’ 21O ()= B (1)
’ 2/1' m;ocnzzjm ;oonz_l R(t)2]m+1(zm’ n’)]m’Jrl(Zm’,n’)
x [ifm(km,nr) O i) + Ko o G, /r>] (c22)
or or

we need to know p(Ry, 0) = /p3(r, 18(r — Ry)rdrd¢. We know that f o etm=mitdg = 216, .1, thus we have
s el me n(o)bm n’(o)zm an n'

pE(Ro, 0) = — Z S

3
M= —con=1n'=1 ROIm+1(Zm,n’)]m+1(Zm,n’)

Un @) T Z o)1 (C23)

Applying the same recurrence relation as above we get,
oo oo 0

p5 (Ro, 0) = P 330D bun(0) by A0) Zi Zi, (C24)

Om ocon=1n'=1

Appendix D. Case for a spherical moving wall

Consider a particle with mass y in an infinite spherical potential moving well

[0 if <R
VD = {oo if r> R0 (DL)

where R(f) = R, + vt. The Hamiltonian operator is

1 8 ,0 1 A~
H=-21 22 7, D2
[ 2 8r or  7*r? ] (D2)
where [ is the orbital angular momentum operator, which is given by
2
Y1 [ A ()— L (D3)
sin(0) 89 sin?(0) O¢p?
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in this case, the instant eigenfunctions are

\/E . Zln
k n Ym 9, 5 k n— - 5
Gy (kpnt) Y (0, @) l RO

By 0, U, 1) = —— =
b R(6)*/%,, ,(z1,0)

(D4)

where z;,, is the nth zero of spherical Bessel function of order I (ji(x)) and Y;,,,(0, ¢) are the spherical harmonics.
The wave function takes the form of

oo 1 o0 ) \/E
\Il(r) t) - bn,l,m(t)e_lal’"(t)—,j (kl,nr) Yi,m(e) ¢), (DS)
IZ%m;ln;l R(t)3/2]l+1(zl,n) l
where f,(t) = 1 [ " Ep,(t)dt', with
Eu(t) = —oin_ (D6)
' 2R (1)?

Then, the expected energy is given by

00 ! 00
WA = £6) =3 3" S 1bum(® PEL(@),

I=0m=—In=1
and its derivativeint =0

oo m=—I oo

E0) =55 S HE O (BFn(0) by m(0) + by 10V bitn(0)) + Ep (0B sm(0) 1, (D7)

I=0 m=I n=1

where b(t) and E;.,(t) are respectively

. ﬁzzfn
E, = *Vm> (D8)

00 ! 00
Duam(® = =32 37 37 bupw (D)€ OO 0@
I'=0m'=—In'=1

R(t) pm 21 .
< T LT B (55 00, 08,01, 0, 10, £)rdrdS, (D9)

where d() is the solid angle differential. Analogously to the 2-dimensional case, we only work when n’ = n
because when n = n’ the above integral vanishes. Now,

R(t) pm p2m . 2
ST G (s 00y 0080007y 0, 00, P2 = Oy Sy

R @)y (2 m)
R() . :
X fo t ikt gy k) 12dr (D10)

thus we have

2

I o oo 1 00 00
S S B buim b ) = =5 5 SO S by ()b (1) By (1) 1O =010

Om=—In=1 I=0m=—In"=1n=1

2
X
ROy 1 @)y )

oo 1 00 00 }
==>"> >3 > b:fr’l,m(t)bn,l,m(t)Ez,n/(t)e’(‘gh"’(”*‘g’v"(t»

I=0m=—In"=1n=1

2
X
R(t)3j1+ 1 (Zl,n)j]ur 1 (Zl’,n’)

RO ;
I; Y ik k) r7dr,

R(@) . :
I i) rdr, (D11)
and

1 00 ST 0o o0
D El,n(t)B:l,m(t) bt == 3 33" buim@® by 1 () Ep (1) e O O~ 000

0om=—In=1 I=0m=—In"=1n=1

2
X
R(t)3j1+ 1 (Zl,n)jl/+ 1 (Zl,n’)

NgE

R(@) . :
J; Y k) (ki rdr. (D12)

10
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Then,

2 R(t) . :
. , Gy Ckp ) gy (ki) 2
R()%(21)]) 21, ) by :

2z) v R(t) / 2
=— . Jiv1y2Cki )iy o Chyrr) r2dr (D13)
Jiv3/2zi) 1372 @ ) R(0)* j;’ 2

using the same relations as above for this type of integrals we have,

R() R3(t)z
fo Il+1/2(kl,nr)fzg.1/2(kl,n’7‘)72d7' = 7#]#3/2(21 n)]l+1/2(zl n)- (D14)
2w’ — Zn
By the recurrence relations
R(t) R°(t)z1,
]H—1/2(kl,nr)]l+l/ZI(kl,n’r)err ¥]+1/2(21 n)]+1/2(zl ) (D15)
0 2
2 — Zl n
hence,
R(1) Rz,
fo ]l+l/Z(kl,n’r)]l+1/2/(kl,nr) ridr = Z(#JH 1/2(21 n)]l+ 1/2(21 n)s (D16)
Zl,n - Zl,n
then £(0) is
. ﬁz oo m=l oo 5 5
&) = - 3V Z Z Z Zl,nlbn,l,m(o)l )
MRO I=0m=—In=1
oo m=l oo % ]1 1/2(2, n)]l+1/2(zl n')
+ b33, (0) by 1, (0) 2121w — , (D17)
gm: lnglngn ' ]l+3/2(21 ﬂ)]l+3/2(zl n )
that can be written as
i 52 oo m=l oo oo m=l 0o oo
£0) = — Sv{z > 2 2l OF + 30 >0 > bn,m(O)bnr,z,m(O)zl,nzl,nr}. (D18)
MRO I=0m=—In=1 I=0m=—In=1n"=n
The energy density in this case is
2
ps(r, 1) = f—V\IJ*(r, t) - VU(r, t) (D19)
I
where
VU =50 5 3 e b0 )%[ Vi + ik nr)\mm] (D20)
I=0m=—In=1 R(t) /2 1+1(klna) (91’

where Y, ,,, = ¥1,,(0, ¥)7 and ¥;,,, = rV'Y},,,(6, ¢) are the vector spherical harmonics [24], this follow the
orthogonality relation ¥, ,, - Y;,,=0. Analogously,

oo m=Il oo \/_ )
\IJ*(I‘, t) = e’el nb* m( )—[ ] (kl nr)Y ” _] (kl,nr) \I,*m:l (D21)
gm;lnz:l R(t)s/ l+1(kl na) ! L r 1 L,

thus,

m'=1

=] *
ps(x, t)zh—zimz ii Z i 2bu () by (1) 10w () —01,,())
ol e 22 2 - ;

i1 RO @)y (v w)

1. .
[ ]l(kl nr) ]I,(kl/ IT)YI/ ’ . Yl,m —|— ?]l(kl’nr)]l/(kl/’nlT)‘Il?jm . ‘Ifl/’m/:l (D22)

we want to know the total force exerted by the particle on the boundary F = j(; o j(; " p5(x, 1)6(r — Ro)r’drdQd.
The vector spherical harmonics satisfy the integral equations relations
ST W dQ = 10+ D8bueand [ [T - Y wdD = 86,0, thus we have

B2 & &0 & 26,1m(0) by 1,(0) 21 21

ps (Ro, 0) = —ZZ S ot T i @) ). (D23)

=0m=—In=1n'=1 R0]1+1(Zl,ﬂ’)]l+1(zl,n’)

Finally, using the properties of the Bessel functions, we get

p; (Ro, 0) = 32 Z Z Z b (0) by 1 (0 2121 (D24)

O I=0m=—In=1n'=1

11
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